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Abstract: The framework of fuzzy algebraic structures is 

extended to distributive lattices through the introduction and 

investigation of (a, b)-fuzzy sublattices and (a, b)-fuzzy ideals. 

Building on foundational work by Zadeh, Rosenfeld, Liu, Sharma, 

Yuan, Wu, and S. K. Nimbhorkar, this study generalises the 

perception of (a, b)-fuzzy subrings and (a, b)-fuzzy ideals from ring 

theory to lattice theory. The paper recalls key definitions and 

properties of fuzzy subsets in distributive lattices with least and 

greatest elements to provide the necessary preliminaries. 

Subsequently, (a, b)-fuzzy sublattices and (a, b)-fuzzy ideals are 

formally defined, their fundamental properties are investigated, 

and their relationships with classical fuzzy sublattices and fuzzy 

ideals are explored. This generalisation offers new perspectives 

and analytical tools for studying fuzziness in lattice-theoretic 

contexts. 
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I. INTRODUCTION

The concept of fuzzy sets, first introduced by Zadeh [1] in

1965, has significantly influenced the study of algebraic 

structures by formalising uncertainty and partial membership. 
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Rosenfeld [2] subsequently extended this framework to fuzzy 

groupoids and fuzzy groups. Meanwhile, Liu [3] investigated 

fuzzy invariant subgroups, fuzzy ideals, and Sharma’s [4] α-

fuzzy subgroups, broadening the scope of fuzziness in 

algebra. Yuan and Wu [5] further advanced the field by 

defining fuzzy sublattices and fuzzy ideals within distributive 

lattices. Building upon these foundations, S. K. Nimbhorkar 

[6] presented the idea of (a, b)-fuzzy subrings and (a, b)-fuzzy

ideals in ring theory. Motivated by these developments, the

present study extends the model of (a, b)-fuzzy subsets to

distributive lattices by introducing (a, b)-fuzzy sublattices

and (a, b)-fuzzy ideals. The investigators studied lattice

structures and properties, including fuzzy distributive lattices

[7], fuzzy commutative lattices [6], homomorphisms [8], and

fuzzy ideals on fuzzy lattices [9]. The objective is to

generalise and analyse these new structures by investigating

their properties and interrelationships within lattice theory.

II. METHODOLOGY

The methodology begins by reviewing the fundamental 

definitions and properties of fuzzy subsets in distributive 

lattices with least element 0 and greatest element 1. A fuzzy 

subset κ of a set P is defined as a mapping 𝑃→ [0,1], and the 

operations on and relations between fuzzy subsets are 

reviewed. Yuan and Wu's model of fuzzy sublattices provides 

a basis for further generalisation. The fuzzy subset of L, well-

defined by (a, b) with respect to the fuzzy set ω, is then 

introduced as the fuzzy set 𝜔𝑏
𝑎 of a distributive lattice with 0

and 1, defined by 𝜔𝑏
𝑎(𝑥) = 𝑚𝑖𝑛{𝜔(𝑥), 1 + 𝑏 − 𝑎} for all x

in L, where 0 ≤ b < a ≤ 1. Using this construction, (a, b)-fuzzy 

sublattices and (a, b)-fuzzy ideals of a distributive lattice are 

defined, with explicit conditions for the lattice meet (⋀) and 

join (⋁) operations. Propositions establish closure properties, 

including intersection. Illustrative models show that the 

converse of certain characterisations does not always hold. 

We use standard techniques in fuzzy lattice theory and 

compare the results with classical fuzzy sublattice and ideal 

concepts to highlight the generalisation. 

III. PRELIMINARIES

Throughout, L denotes a bounded distributive lattice. 

Let’s revisit a few key explanations and results. 

Definition 3.1. [1] 

 Let P be a nonempty set. A mapping 𝜅: 𝑃 → [0,1] is a fuzzy 

subset of P. 

Remark 3.2. [1] 

 If 𝜅 and 𝜛 are fuzzy subsets of 

L, then  

i. 𝜅 ⊆ 𝜛 if and only

if 𝜅(x) ≤ 𝜛(x);
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ii. ((𝜅 ∪ 𝜛) (x) = max{𝜅(x), 𝜛(x)} = 𝜅(x) ∨ 𝜛(x); 

iii. (𝜅 ∩ 𝜛) (x) = min{𝜅(x), 𝜛(x)} = 𝜅(x) ∧ 𝜛(x), for 
every x ∈ L. 

Definition 3.3. [10] 

 Let X and Y be nonempty sets, and let g: X → Y be a 

mapping. Let 𝜅 ∈ [0, 1]X and 𝜛 ∈ [0, 1] Y. Define the image 

g(𝜅) ∈ [0, 1] Y and the inverse image g−1(𝜛) ∈ [0, 1]X as 

follows: for every y ∈ Y,  

𝑔(𝜅)(𝑦) = {
⋁{𝜅(𝑥)|𝑥 ∈ 𝑋, 𝑔(𝑥) = 𝑦}     𝑖𝑓 𝑔−1(𝑦) ≠ ∅

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

and g⁻¹(𝜛)(x) = 𝜛(g(x)) for every x ∈ X. 

Definition 3.4. [5] 

 A fuzzy subset ω of L is a fuzzy sublattice if, for all x, y ∈ L, 

the following inequalities hold: 

i. ω (x ⋀ y) ≥ min(ω(x), ω(y)); 

ii. ω (x ⋁ y) ≥ min(ω(x), ω(y)). 

IV. (a, b)-Fuzzy Sublattice  

Sharma [4] introduced the idea of an α-fuzzy subgroup. Bo. 

Yuan [5] presented the notions of fuzzy sublattice and fuzzy 

ideal for lattices. We extend these concepts to lattices.  

Definition 4.1.  

Let ω be a fuzzy subset of the lattice L, and let 0 ≤ b < a ≤ 

1. The fuzzy set ωᵇₐ of L, defined by 𝜔𝑏
𝑎(𝑥) = 𝑚𝑖𝑛{𝜔(𝑥), 1-

+ 𝑏 − 𝑎} for every x ∈ L, is termed the (a, b)-fuzzy subset of 

L with respect to ω. 

Remark 4.2. [6] 

Let ω and η denote fuzzy subsets of X.  

Now (𝜔⋂𝜂)𝑏
𝑎 = 𝜔𝑏

𝑎 ∩ 𝜂𝑏
𝑎. 

Let g: X → Y be an onto mapping, and let η be a fuzzy 

subset of Y. 

Define η ◦ g: X → [0, 1] by (η ◦ g) (x) = η(g(x)). Then 𝜂𝑏
𝑎◦ g 

= (𝜂 ∘ 𝑔)𝑏
𝑎 . 

Let g: X→Y be an onto mapping, and let d, ω, and η be 

fuzzy subsets of Y. 

Then 𝑔−1(𝜂𝑏
𝑎) = (𝑔−1(𝜂))𝑏

𝑎. 

Definition 4.3.  

Let ω be a fuzzy subset of L, and let 0 ≤ b < a ≤ 1. Then 

ω is called an (a, b)-fuzzy sublattice of L if 𝜔𝑏
𝑎  is a fuzzy 

sublattice of L. 

This is true if the following conditions hold: 

𝜔𝑏
𝑎(𝑥⋀𝑦) ≥ 𝑚𝑖𝑛{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)} 

𝜔𝑏
𝑎(𝑥 ∨ 𝑦) ≥ 𝑚𝑖𝑛{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)}, for all 𝑥, 𝑦 ∈ 𝐿 

Proposition 4.4.  

Every fuzzy sublattice ω of L is also an (a, b)-fuzzy sublattice 

of L. 

Proof. Let x, y ∈ L. Then 

𝜔𝑏
𝑎(𝑥⋀𝑦) = 𝑚𝑖𝑛{𝜔(𝑥⋀𝑦), 1 + 𝑏 − 𝑎}

≥ 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔(𝑥), 𝜔(𝑦)}, 1 + 𝑏
− 𝑎} 

As 𝜔 is a fuzzy sublattice 

 = 𝑚𝑖𝑛{{𝜔(𝑥), 1 + 𝑏 − 𝑎}, 𝑚𝑖𝑛{𝜔(𝑦), 1 + 𝑏 − 𝑎}} 

𝜔𝑏
𝑎(𝑥⋀𝑦) =  𝑚𝑖𝑛{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)}         (1) 

Also, 

𝜔𝑏
𝑎(𝑥⋁𝑦) = 𝑚𝑖𝑛{𝜔(𝑥⋁𝑦), 1 + 𝑏 − 𝑎}

≥ 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔(𝑥), 𝜔(𝑦)}, 1 + 𝑏
− 𝑎} 

Since 𝜔 is a fuzzy sublattice 

 = 𝑚𝑖𝑛 {𝑚𝑖𝑛{{𝜔(𝑥), 1 + 𝑏 − 𝑎}, 𝑚𝑖𝑛{𝜔(𝑦), 1 + 𝑏 − 𝑎}}} 

𝜔𝑏
𝑎(𝑥⋁𝑦) =  𝑚𝑖𝑛{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)} 

From Equation 1 and Equation 2, it follows that ω is an (a, b)-

fuzzy sublattice of L. 

The succeeding example demonstrates that the converse of 

Proposition 4.4 does not necessarily hold. 

Example 4.5.  

Consider the subsequent fuzzy subset of the distributive 

lattice L:  

𝜔(𝑥) = {
0.3                   𝑖𝑓 𝑥 =  {0, 𝑞}

0.4           𝑖𝑓 𝑥 =  {𝑝, 𝑟, 𝑠, 1}
 

 

 

 

 

 

 

[Fig.1: Distributive Lattice] 

Note that for x = r, y = s, 𝜔(𝑥) = 0.4, 𝜔(𝑦) = 0.4 

𝜔(𝑥 ⋀ 𝑦) =  𝜔(𝑞) = 0.3 

This shows that 𝜔(𝑥 ⋀ 𝑦)  ≱ 𝑚𝑖𝑛(𝜔(𝑥), 𝜔(𝑦)) 

Thus, ω is not a fuzzy sublattice of L. 

For b = 0.1 and a = 0.9, then 1 + b − a = 0.2. 

𝜔(𝑥) > 1 + 𝑏 − 𝑎  for all 𝑥 ∈ 𝐿. Therefore 

𝜔𝑏
𝑎(𝑥) = 𝑚𝑖𝑛{𝜔(𝑥), 1 + 𝑏 − 𝑎} =  1 + 𝑏 − 𝑎  

𝜔𝑏
𝑎(𝑥⋀𝑦) ≥ 𝑚𝑖𝑛{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)} = 0.2 

𝜔𝑏
𝑎(𝑥 ∨ 𝑦) ≥ 𝑚𝑖𝑛{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)} = 0.2, for all 𝑥, 𝑦 ∈ 𝐿 

 

Hence 𝜔 is an (a, b)-fuzzy sublattice of L, i.e. 𝜔 is a (0.1,0.9)-

fuzzy sublattice of L. 

Proposition 4.6. 

The intersection of two (a, b)-fuzzy sublattices of a lattice L 

is again an (a, b)-fuzzy sublattice of L. 

Proof. Let ω and η be two fuzzy sublattices of L with 

parameters (a, b).  

For any x, y ∈ L, we have 

(𝜔 ∩ 𝜂)𝑏
𝑎(𝑥⋀𝑦) = (𝜔𝑏

𝑎 ∩ 𝜂𝑏
𝑎)(𝑥⋀𝑦)         𝑏𝑦 𝑅𝑒𝑚𝑎𝑟𝑘 4.2    

= 𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥⋀𝑦), 𝜂𝑏

𝑎(𝑥⋀𝑦)} 

≥ 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥), 𝜔𝑏

𝑎(𝑦)}, 𝑚𝑖𝑛{𝜂𝑏
𝑎(𝑥), 𝜂𝑏

𝑎(𝑦)}} 

= 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥), 𝜂𝑏

𝑎(𝑥)}, 𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑦), 𝜂𝑏

𝑎(𝑦)}} 

= 𝑚𝑖𝑛{(𝜔𝑏
𝑎 ∩ 𝜂𝑏

𝑎)(𝑥), (𝜔𝑏
𝑎 ∩ 𝜂𝑏

𝑎)(𝑦)} 

(𝜔 ∩ 𝜂)𝑏
𝑎(𝑥⋀𝑦) = 𝑚𝑖𝑛{(𝜔 ∩ 𝜂)𝑏

𝑎(𝑥), (𝜔 ∩ 𝜂)𝑏
𝑎(𝑦)}         (2) 

Also 

(𝜔 ∩ 𝜂)𝑏
𝑎(𝑥 ∨ 𝑦) = (𝜔𝑏

𝑎 ∩ 𝜂𝑏
𝑎)(𝑥 ∨ 𝑦)         𝑏𝑦 𝑅𝑒𝑚𝑎𝑟𝑘 4.2   

= 𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥 ∨ 𝑦), 𝜂𝑏

𝑎(𝑥 ∨ 𝑦)} 

≥ 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥), 𝜔𝑏

𝑎(𝑦)}, 𝑚𝑖𝑛{𝜂𝑏
𝑎(𝑥), 𝜂𝑏

𝑎(𝑦)}} 

= 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥), 𝜂𝑏

𝑎(𝑥)}, 𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑦), 𝜂𝑏

𝑎(𝑦)}} 

= 𝑚𝑖𝑛{(𝜔𝑏
𝑎 ∩ 𝜂𝑏

𝑎)(𝑥), (𝜔𝑏
𝑎 ∩ 𝜂𝑏

𝑎)(𝑦)} 
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(𝜔 ∩ 𝜂)𝑏
𝑎(𝑥 ∨ 𝑦) = 𝑚𝑖𝑛{(𝜔 ∩ 𝜂)𝑏

𝑎(𝑥), (𝜔 ∩ 𝜂)𝑏
𝑎(𝑦)}   (3) 

Equations 3 and 4 together imply that 𝜔 ∩ 𝜂 is an (a, b)-

fuzzy sublattice of L (a, b)-Fuzzy ideal. 

Yuan and Wu [5] introduced fuzzy ideals and other types of 

ideals for lattices. S. K. Nimbhorkar [6] introduced (a, b)-

fuzzy ideals of a ring R. We extend this concept to ideals of a 

lattice. 

Definition 5.1. [5] 

A fuzzy sublattice ω of L is a fuzzy ideal if, for all x, y ∈ L, 

x ≤ y implies ω(x) ≥ ω(y). 

Definition 5.2.   

Let 0 ≤ 𝑏 < 𝑎 ≤ 1. Let 𝜔 be an (a, b)-fuzzy sublattice of L; 

then 𝜔 is called an (𝑎, 𝑏) − 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙 of L if the following 

conditions hold: 

𝜔𝑏
𝑎(𝑥⋀𝑦) ≥ 𝑚𝑖𝑛{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)} 

𝜔𝑏
𝑎(𝑥 ∨ 𝑦) ≥ 𝑚𝑎𝑥{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)}, for all 𝑥, 𝑦 ∈ 𝐿 

Proposition 5.3.  

Every fuzzy ideal ω of L is also an (a, b)-fuzzy ideal of L. 

Proof. Let x, y ∈ L. Then 

𝜔𝑏
𝑎(𝑥⋀𝑦) = 𝑚𝑖𝑛{𝜔(𝑥⋀𝑦), 1 + 𝑏 − 𝑎}

≥ 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔(𝑥), 𝜔(𝑦)}, 1 + 𝑏 − 𝑎} 

Because 𝜔 is a fuzzy sublattice 

= 𝑚𝑖𝑛{{𝜔(𝑥), 1 + 𝑏 − 𝑎}, 𝑚𝑖𝑛{𝜔(𝑦), 1 + 𝑏 − 𝑎}} 

 

𝜔𝑏
𝑎(𝑥⋀𝑦) =  𝑚𝑖𝑛{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)}        (4) 

Also 

𝜔𝑏
𝑎(𝑥⋁𝑦) = 𝑚𝑖𝑛{𝜔(𝑥⋁𝑦), 1 + 𝑏 − 𝑎}

≥ 𝑚𝑖𝑛{𝑚𝑎𝑥{𝜔(𝑥), 𝜔(𝑦)}, 1 + 𝑏
− 𝑎} 

Since 𝜔 is a fuzzy sublattice of L 

= 𝑚𝑎𝑥{𝑚𝑖𝑛{𝜔(𝑥), 𝜔(𝑦)}, 1 + 𝑏 − 𝑎} 

= 𝑚𝑎𝑥{𝑚𝑖𝑛{𝜔(𝑥), 1 + 𝑏 − 𝑎}, 𝑚𝑖𝑛{𝜔(𝑦), 1 + 𝑏 − 𝑎}} 

𝜔𝑏
𝑎(𝑥⋁𝑦) =  𝑚𝑎𝑥{𝜔𝑏

𝑎(𝑥), 𝜔𝑏
𝑎(𝑦)}         (5) 

 

It follows from Equation 4 and Equation 5 that ω is an (a, b)-

fuzzy ideal of the lattice L.  
 

Proposition 5.4.  

The intersection of any two (a, b)-fuzzy ideals of L are also 

an (a, b)-fuzzy ideal. 

Proof. Consider two (a, b)-fuzzy ideals, ω and η, of L. 

For any x, y ∈ L, we take 

(𝜔 ∩ 𝜂)𝑏
𝑎(𝑥⋀𝑦) = (𝜔𝑏

𝑎 ∩ 𝜂𝑏
𝑎)(𝑥⋀𝑦)         𝑏𝑦 𝑅𝑒𝑚𝑎𝑟𝑘 4.2            

= 𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥⋀𝑦), 𝜂𝑏

𝑎(𝑥⋀𝑦)} 

≥ 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥), 𝜔𝑏

𝑎(𝑦)}, 𝑚𝑖𝑛{𝜂𝑏
𝑎(𝑥), 𝜂𝑏

𝑎(𝑦)}} 

= 𝑚𝑖𝑛{𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥), 𝜂𝑏

𝑎(𝑥)}, 𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑦), 𝜂𝑏

𝑎(𝑦)}} 

= 𝑚𝑖𝑛{(𝜔𝑏
𝑎 ∩ 𝜂𝑏

𝑎)(𝑥), (𝜔𝑏
𝑎 ∩ 𝜂𝑏

𝑎)(𝑦)} 

(𝜔 ∩ 𝜂)𝑏
𝑎(𝑥⋀𝑦) = 𝑚𝑖𝑛{(𝜔 ∩ 𝜂)𝑏

𝑎(𝑥), (𝜔 ∩ 𝜂)𝑏
𝑎(𝑦)}         (6) 

Also 

(𝜔 ∩ 𝜂)𝑏
𝑎(𝑥 ∨ 𝑦) = (𝜔𝑏

𝑎 ∩ 𝜂𝑏
𝑎)(𝑥 ∨ 𝑦)         𝑏𝑦 𝑅𝑒𝑚𝑎𝑟𝑘 4.2 

= 𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥 ∨ 𝑦), 𝜂𝑏

𝑎(𝑥 ∨ 𝑦)} 

≥ 𝑚𝑖𝑛{𝑚𝑎𝑥{𝜔𝑏
𝑎(𝑥), 𝜔𝑏

𝑎(𝑦)}, 𝑚𝑎𝑥{𝜂𝑏
𝑎(𝑥), 𝜂𝑏

𝑎(𝑦)}} 

= 𝑚𝑎𝑥{𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑥), 𝜂𝑏

𝑎(𝑥)}, 𝑚𝑖𝑛{𝜔𝑏
𝑎(𝑦), 𝜂𝑏

𝑎(𝑦)}} 

= 𝑚𝑎𝑥{(𝜔𝑏
𝑎 ∩ 𝜂𝑏

𝑎)(𝑥), (𝜔𝑏
𝑎 ∩ 𝜂𝑏

𝑎)(𝑦)} 

(𝜔 ∩ 𝜂)𝑏
𝑎(𝑥 ∨ 𝑦) = 𝑚𝑎𝑥{(𝜔 ∩ 𝜂)𝑏

𝑎(𝑥), (𝜔 ∩ 𝜂)𝑏
𝑎(𝑦)}     (7) 

It follows from Equation 6 and Equation 7 that ω∩η is an 

(a, b)-fuzzy ideal of L. 

V. CONCLUSION 

This work extends the framework of fuzzy algebraic 

structures to distributive lattices by defining and examining 

(a, b)-fuzzy sublattices and (a, b)-fuzzy ideals. These 

structures generalise classical notions, providing a broader 

context for studying fuzziness in lattice theory. We have 

established fundamental properties and closure under 

intersection, and counterexamples illustrate the limits of these 

generalisations. These results lay the groundwork for future 

research into more complex fuzzy structures in algebra and 

their potential applications in areas involving graded or 

uncertain membership, such as logic, information systems, 

and theoretical computer science. 
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    𝜔  b  a  


    𝜔  b  a  ( x ) = m i n  { 𝜔  ( x ) , 1 


  𝜅


  𝜛


  g  ( 𝜅 )  ( y ) =  {    ⋁  { 𝜅  ( x ) | x ∈ X , g  ( x ) = y }           i f     g  − 1  ( y ) ≠ ∅   0 ,   o t h e r w i s e


  ⋀


    𝜔  b  a  ( x ) = m i n  { 𝜔  ( x ) , 1 


    ( 𝜔 ⋂ 𝜂 )  b  a =   𝜔  b  a ∩   𝜂  b  a


    𝜂  b  a


    ( 𝜂 ∘ g )  b  a


    g  − 1  (   𝜂  b  a ) =    (   g  − 1 ( 𝜂 ) )  b  a


    𝜔  b  a


    𝜔  b  a  ( x ⋀ y ) ≥ m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) }


    𝜔  b  a  ( x ∨ y ) ≥ m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a ( y ) }


  x , y ∈ L


    𝜔  b  a  ( x ⋀ y ) = m i n  { 𝜔  ( x ⋀ y ) , 1 + b − a } ≥ m i n  { m i n  { 𝜔  ( x ) ,   𝜔  ( y ) } , 1 + b − a }


  = m i n  {  { 𝜔  ( x ) ,   1 + b − a } , m i n  { 𝜔  ( y ) ,   1 + b − a } }


    𝜔  b  a  ( x ⋀ y ) =   m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) }                   ( 1 )


    𝜔  b  a  ( x ⋁ y ) = m i n  { 𝜔  ( x ⋁ y ) , 1 + b − a } ≥ m i n  { m i n  { 𝜔  ( x ) ,   𝜔  ( y ) } , 1 + b − a }


  𝜔


  = m i n  { m i n  {  { 𝜔  ( x ) ,   1 + b − a } , m i n  { 𝜔  ( y ) ,   1 + b − a } } }


    𝜔  b  a  ( x ⋁ y ) =   m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) }


  𝜔  ( x ) =  {    0 . 3                                       i f   x =    { 0 , q }   0 . 4                       i f   x =    { p , r , s , 1 }


  𝜔  ( x ) = 0 . 4 ,   𝜔  ( y ) = 0 . 4


  𝜔  ( x   ⋀   y ) =   𝜔  ( q ) = 0 . 3


  𝜔  ( x   ⋀   y )   ≱ m i n ( 𝜔 ( x ) ,   𝜔 ( y ) )


  𝜔  ( x ) > 1 + b − a


  x ∈ L


    𝜔  b  a  ( x ) = m i n  { 𝜔  ( x ) , 1 + b − a } =   1 + b − a  


    𝜔  b  a  ( x ⋀ y ) ≥ m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) } = 0 . 2


    𝜔  b  a  ( x ⋀ y ) ≥ m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) } = 0 . 2


    𝜔  b  a  ( x ∨ y ) ≥ m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) } = 0 . 2


  x , y ∈ L


  𝜔


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ⋀ y ) =  (   𝜔  b  a ∩   𝜂  b  a )  ( x ⋀ y )                   b y   R e m a r k   4 . 2


  = m i n  {   𝜔  b  a  ( x ⋀ y ) ,     𝜂  b  a  ( x ⋀ y ) }


  ≥ m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜔  b  a ( y ) } , m i n  {   𝜂  b  a  ( x ) ,     𝜂  b  a ( y ) } }


  ≥ m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜔  b  a ( y ) } , m i n  {   𝜂  b  a  ( x ) ,     𝜂  b  a ( y ) } }


  = m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜂  b  a ( x ) } , m i n  {   𝜔  b  a  ( y ) ,     𝜂  b  a ( y ) } }


  = m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜂  b  a ( x ) } , m i n  {   𝜔  b  a  ( y ) ,     𝜂  b  a ( y ) } }


  = m i n  {  (   𝜔  b  a ∩   𝜂  b  a ) ( x ) ,  (   𝜔  b  a ∩   𝜂  b  a ) ( y ) }


  = m i n  {  (   𝜔  b  a ∩   𝜂  b  a ) ( x ) ,  (   𝜔  b  a ∩   𝜂  b  a ) ( y ) }


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ⋀ y ) = m i n  {    ( 𝜔 ∩ 𝜂 )  b  a ( x ) ,    ( 𝜔 ∩ 𝜂 )  b  a ( y ) }                   ( 2 )


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ⋀ y ) = m i n  {    ( 𝜔 ∩ 𝜂 )  b  a ( x ) ,    ( 𝜔 ∩ 𝜂 )  b  a ( y ) }                   ( 2 )


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ∨ y ) =  (   𝜔  b  a ∩   𝜂  b  a )  ( x ∨ y )                   b y   R e m a r k   4 . 2


  = m i n  {   𝜔  b  a  ( x ∨ y ) ,     𝜂  b  a  ( x ∨ y ) }


  ≥ m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜔  b  a ( y ) } , m i n  {   𝜂  b  a  ( x ) ,     𝜂  b  a ( y ) } }


  ≥ m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜔  b  a ( y ) } , m i n  {   𝜂  b  a  ( x ) ,     𝜂  b  a ( y ) } }


  = m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜂  b  a ( x ) } , m i n  {   𝜔  b  a  ( y ) ,     𝜂  b  a ( y ) } }


  = m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜂  b  a ( x ) } , m i n  {   𝜔  b  a  ( y ) ,     𝜂  b  a ( y ) } }


  = m i n  {  (   𝜔  b  a ∩   𝜂  b  a ) ( x ) ,  (   𝜔  b  a ∩   𝜂  b  a ) ( y ) }


  = m i n  {  (   𝜔  b  a ∩   𝜂  b  a ) ( x ) ,  (   𝜔  b  a ∩   𝜂  b  a ) ( y ) }


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ∨ y ) = m i n  {    ( 𝜔 ∩ 𝜂 )  b  a ( x ) ,    ( 𝜔 ∩ 𝜂 )  b  a ( y ) }       ( 3 )


   ( a , b ) − f u z z y   i d e a l


    𝜔  b  a  ( x ⋀ y ) ≥ m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) }


    𝜔  b  a  ( x ∨ y ) ≥ m a x  {   𝜔  b  a  ( x ) ,   𝜔  b  a ( y ) }


  x , y ∈ L


    𝜔  b  a  ( x ⋀ y ) = m i n  { 𝜔  ( x ⋀ y ) , 1 + b − a } ≥ m i n  { m i n  { 𝜔  ( x ) ,   𝜔  ( y ) } , 1 + b − a }


  = m i n  {  { 𝜔  ( x ) ,   1 + b − a } , m i n  { 𝜔  ( y ) , 1 + b − a } }


    𝜔  b  a  ( x ⋀ y ) =   m i n  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) }                 ( 4 )


    𝜔  b  a  ( x ⋁ y ) = m i n  { 𝜔  ( x ⋁ y ) , 1 + b − a } ≥ m i n  { m a x  { 𝜔  ( x ) ,   𝜔  ( y ) } , 1 + b − a }


  𝜔


  = m a x  { m i n  { 𝜔  ( x ) ,   𝜔  ( y ) } , 1 + b − a }


  = m a x  { m i n  { 𝜔  ( x ) ,   1 + b − a } , m i n  { 𝜔  ( y ) ,   1 + b − a } }


  = m a x  { m i n  { 𝜔  ( x ) ,   1 + b − a } , m i n  { 𝜔  ( y ) ,   1 + b − a } }


    𝜔  b  a  ( x ⋁ y ) =   m a x  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) }                   ( 5 )


    𝜔  b  a  ( x ⋁ y ) =   m a x  {   𝜔  b  a  ( x ) ,   𝜔  b  a  ( y ) }                   ( 5 )


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ⋀ y ) =  (   𝜔  b  a ∩   𝜂  b  a )  ( x ⋀ y )                   b y   R e m a r k   4 . 2


  = m i n  {   𝜔  b  a  ( x ⋀ y ) ,     𝜂  b  a  ( x ⋀ y ) }


  ≥ m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜔  b  a ( y ) } , m i n  {   𝜂  b  a  ( x ) ,     𝜂  b  a ( y ) } }


  ≥ m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜔  b  a ( y ) } , m i n  {   𝜂  b  a  ( x ) ,     𝜂  b  a ( y ) } }


  = m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜂  b  a ( x ) } , m i n  {   𝜔  b  a  ( y ) ,     𝜂  b  a ( y ) } }


  = m i n  { m i n  {   𝜔  b  a  ( x ) ,     𝜂  b  a ( x ) } , m i n  {   𝜔  b  a  ( y ) ,     𝜂  b  a ( y ) } }


  = m i n  {  (   𝜔  b  a ∩   𝜂  b  a ) ( x ) ,  (   𝜔  b  a ∩   𝜂  b  a ) ( y ) }


  = m i n  {  (   𝜔  b  a ∩   𝜂  b  a ) ( x ) ,  (   𝜔  b  a ∩   𝜂  b  a ) ( y ) }


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ⋀ y ) = m i n  {    ( 𝜔 ∩ 𝜂 )  b  a ( x ) ,    ( 𝜔 ∩ 𝜂 )  b  a ( y ) }                   ( 6 )


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ⋀ y ) = m i n  {    ( 𝜔 ∩ 𝜂 )  b  a ( x ) ,    ( 𝜔 ∩ 𝜂 )  b  a ( y ) }                   ( 6 )


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ∨ y ) =  (   𝜔  b  a ∩   𝜂  b  a )  ( x ∨ y )                   b y   R e m a r k   4 . 2


  = m i n  {   𝜔  b  a  ( x ∨ y ) ,     𝜂  b  a  ( x ∨ y ) }


  = m i n  {   𝜔  b  a  ( x ∨ y ) ,     𝜂  b  a  ( x ∨ y ) }


  ≥ m i n  { m a x  {   𝜔  b  a  ( x ) ,     𝜔  b  a ( y ) } , m a x  {   𝜂  b  a  ( x ) ,     𝜂  b  a ( y ) } }


  ≥ m i n  { m a x  {   𝜔  b  a  ( x ) ,     𝜔  b  a ( y ) } , m a x  {   𝜂  b  a  ( x ) ,     𝜂  b  a ( y ) } }


  = m a x  { m i n  {   𝜔  b  a  ( x ) ,     𝜂  b  a ( x ) } , m i n  {   𝜔  b  a  ( y ) ,     𝜂  b  a ( y ) } }


  = m a x  { m i n  {   𝜔  b  a  ( x ) ,     𝜂  b  a ( x ) } , m i n  {   𝜔  b  a  ( y ) ,     𝜂  b  a ( y ) } }


  = m a x  {  (   𝜔  b  a ∩   𝜂  b  a ) ( x ) ,  (   𝜔  b  a ∩   𝜂  b  a ) ( y ) }


  = m a x  {  (   𝜔  b  a ∩   𝜂  b  a ) ( x ) ,  (   𝜔  b  a ∩   𝜂  b  a ) ( y ) }


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ∨ y ) = m a x  {    ( 𝜔 ∩ 𝜂 )  b  a ( x ) ,    ( 𝜔 ∩ 𝜂 )  b  a ( y ) }           ( 7 )


     ( 𝜔 ∩ 𝜂 )  b  a  ( x ∨ y ) = m a x  {    ( 𝜔 ∩ 𝜂 )  b  a ( x ) ,    ( 𝜔 ∩ 𝜂 )  b  a ( y ) }           ( 7 )

