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Abstract: In this paper, we explain the logic for simultaneously
solving linear congruences using the Chinese Remainder
Theorem and apply it to develop an easy method for finding the
solution.
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I. INTRODUCTION

The Chinese remainder theorem is one of the most

important theorems in elementary number theory. The
theorem deals with solving linear congruences
simultaneously under certain conditions. The theorem was
first discovered in the 3" century in a Chinese mathematical
treatise entitled Sun Zi Suanjing. The problem studied was
to find a simultaneous solution to the three congruences: x
= 2 (mod 3), x = 3 (mod 5), x = 2 (mod 7). In 5th-century
India, Aryabhata's mathematics addressed instances of the
Chinese Remainder Theorem. (See [1], [2])

The Chinese explained how to obtain a solution, but they
did not explain why it works.

The problem generated continued interest, and during the
11th century, a mathematician, Ibn Tahir-al Baghdadi,
discussed the Chinese Remainder Theorem in his treatise Al
Takmilafi 'lim ai-Hisab. He was the first person to not only
give a solution to the problem but also give a method to
solve the congruences: x = a (mod 3), x =b (mod 5), x =¢
(mod 7). The problem was further studied in China by Yang
Hui in the 13" century. It was studied in Europe by
Leonardo Fibonacci in the 13" century, Isaac Argyros in the
14" century and Frater Frederius in the 15" century. (See [1])

The algorithm for finding a solution to simultaneous linear
congruences is a standard problem taught in an elementary
number theory course. But after teaching this topic for
several years to high school students preparing for the
Mathematical Olympiad Competitions as well as
undergraduate students, it has been noted that when students
first study the algorithm to solve the problem,
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it appears very complicated and magical. Students cannot
independently uncover the algorithm's beauty.

II. UNDERSTANDING AND ANALYSING THE
CHINESE REMAINDER THEOREM

In this section, we understand the logic and develop an
efficient method to solve simultaneous linear congruences
using the Chinese Remainder Theorem.

Let us now look at the formal statement of the theorem.

(See [3])
Theorem: Given a system of congruences: X = a; (mod n);
X = ap (mod ny);...; X = ax (mod ny) where ny, ny, ..., ng are

pairwise coprime, then there exists a unique solution modulo
N=n*m*...* nx

Note that the pairwise coprime condition of ny, ny, ..., ng is
a sufficient condition but not necessary. For example, x =2
mod 4 and x = 0 mod 2 have infinitely many solutions, and a
unique solution modulo 4. Note that 4 is the LCM of 2 and 4.

We now discuss a method to solve the problem naturally.
We consider the problem of finding a simultaneous solution
to three congruences:

x =2 (mod 3), x =3 (mod 5), x =5 (mod 7).

Note that gcd(3,5) = ged(5,7) = ged (3,7) = 1.

Let us denote the expected simultaneous solution by S.

Now, this S is expected to leave a remainder of 2 when
divided by 3, a remainder of 3 when divided by 5, and a
remainder of 5 when divided by 7.

Since divisibility by 3, 5, and 7 is involved, let us try to
find a solution modulo the product of these three integers.

Also, S has to behave differently modulo 3, 5, 7. So we
can assume that S is of a certain form. Thus

=+ 4 " mod3*5*7.

Let us call the places to be filled first place, second place,
and third place, separated by two + signs.

Now, modulo 3, S = 2 mod 3, but nothing should remain
in the second and third places. To do this, we put 3 in the
second and third places and 2 in the first.

So, the form of the solution will be

S=2 4+ 34 3 mod3*5*7. Note
here that in this case,
S =2 mod 3.

Similarly, S = 3 mod 5, but nothing should remain in the
first and third places. To do this, we put 5 in the first and
third places and 3 in the second.

Lastly, we desire S = 5 mod 7, but nothing should remain
in the first and second places. So, we put 7 in first and
second place, and 5 in third.

So, the form of the solution will be

S=2[7*5] _+3[7*3]+5[5% 3] __mod 3*5*7.

Note here that if we now
consider S mod 3, we have
7*5 extra. So, we will
multiply it by x; such that
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35x;= 1 mod 3. Such x; exists from the coprimality
condition in the statement of the theorem. Similarly, we find
x2 such that 21x, = 1 mod 5 and x3 such that 15x3 =1 mod 7.
Here x,=2, x,=1 and x5=1. Thus

S=2[7* 5] *24+3[7* 3] *1 +5 [5* 3] *1 mod 3*5*7.

Thus S = 140+63+75 mod 105

Thus S = 68 mod 105. One can easily check that 68
satisfies all three congruences.

III. CONCLUSION

Over more than 15 years, I have used this method while
teaching the Chinese Remainder Theorem, and students
have been able to comprehend the logic behind it and find
the correct solution easily.
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