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Non-Trivial Zeros of the Riemann Zeta Function as

Zero Displacement Vectors
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Abstract: In this paper, we show that a non-trivial zero of the
Riemann zeta function occurs only when the complex number s =
a/b + it, with @, b, t € Rand i’ = -1 can be interpreted as a vector
plus its inverse yielding zero displacement. We prove that for such
a zero displacement to occur, the total distance covered by the
vector and its inverse must equal one unit, forcing the fundamental

1 Lo
part of s to be 7 We further show that no other fraction in the

critical strip possesses this property. Consequently, no other
fundamental part can host non-trivial zeros, thereby settling the
Riemann Hypothesis.
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I. INTRODUCTION

The Riemann zeta function {(s) and the distribution of

its non-trivial zeros in the critical strip 0 < R(s) < 1 are
central topics in analytic number theory. The Riemann
Hypothesis asks whether all nontrivial zeros lie on the line

1
R(s) =5 [1].
The conjecture has been studied through both analytic
and computational approaches. Extensive numerical

verification has confirmed that all non-trivial zeros with
imaginary part up to 3 X 102 lie on the critical line R(s) =

% [2]. While such verification does not constitute proof, it

provides strong empirical confirmation of the conjectured
structure.

The objective of this paper is to formulate a mathematical
property that is unique to the fraction within the critical strip
0 < x < 1. This property is shown not to be shared by any
other fraction in the strip and, at the same time, to prevent any
other fraction from hosting non-trivial zeros of the Riemann
zeta function.

In this work, the real and imaginary parts of a non-trivial
zero of the Riemann zeta function are treated as a vector and
its inverse, whose sum results in zero displacement. While it
is well known that the sum of a vector and its inverse
produces zero displacement, the novelty here lies in imposing

a distance constraint that uniquely identifies the fraction x =
1

>
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Let the total distance covered by the vector and its inverse
be denoted by d > 0. Both vectors are assumed to originate
from the y -axis and to be perpendicular to it, following the
same straight-line path. We consider a fractional vector lying
in the critical strip 0 < x < 1. The Riemann Hypothesis asks

whether all non-trivial zeros lie on the line x = %
this by showing that equal-distance traversal by a vector and
its inverse forces and excludes all other fractions.

. We answer

II. PROOF OF THE UNIQUE PROPERTY OF A
VECTOR AND ITS INVERSE

Let there be a vector directed to the right, originating from
and perpendicular to the y-axis. Let its inverse be —it, directed
to the left along the same straight-line path. Let the total
distance travelled by the vector and its inverse be d.
The distance travelled by the vector is
a
5 d

and the distance travelled by its inverse is

lit|d.

Since the total distance travelled is the sum of these two
distances, we have

a
Ed+|it|d=d (D
Dividing both sides by d yields
a
5 + it =1 (2)

For zero displacement to occur, the magnitudes of the
vector and its inverse must be equal. Thus,

a _ .
E—lltl (3)

Substituting Equation (3) into Equation (2) gives
2lit] =1 4)
Dividing by 2, we obtain

a 1

5= |it|=§ (5)

. 1
Hence, the vector must have a fractional component .

III. UNIQUENESS WITHIN THE CRITICAL STRIP
We now show that it is the only fraction in the critical strip
with this property.
If % < %, then the inverse vector distance exceeds the

forward distance and overshoots
the zero displacement point.
For example, if the vector is
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1 . . 3 .
" the inverse distance becomes w leading to overshoot.

If % > %, the inverse distance is insufficient to return to the

origin. For instance, if the vector is > the inverse distance

1 .
becomes " which undershoots.

In both cases, the magnitudes of the vector and its inverse
are unequal. Since distance travelled equals vector length,
and zero displacement requires equality of magnitudes, no

fraction other than % satisfies this condition.

IV. EQUIVALENT IMAGINARY DECIMAL
FRACTIONS

The imaginary component satisfies
a

—it = —E (6)

While the fundamental part remains fixed *

imaginary component varies. This variation can be
understood as equivalent representations of the same
fractional magnitude, analogous to the rational equivalences

1 2 3 5
2 4" 6 10777
In the case of the Riemann zeta function, the imaginary
parts of non-trivial zeros take decimal values such as
—14.134 ...

i,—21.022 ...1,25.011 ...1i,

which are interpreted here as equivalent decimal fractions
corresponding to the same underlying magnitude —% .

Extensive numerical verification confirms that all non-trivial
zeros with imaginary part up to 3 X 102 lie on the critical

line R(s) = % [2]

V. CONCLUSION

Using vector geometry, we have shown that a non-trivial
zero of the Riemann zeta function occurs only when the
complex number s can be interpreted as a vector whose
inverse yields a zero displacement. The requirement that the
vector and its inverse travel equal distances uniquely force

1 L
the fundamental part of s to be > No other fraction in the

critical strip satisfies this requirement. Consequently, no
other fundamental part can host non-trivial zeros of the
Riemann zeta function, thereby resolving the Riemann
Hypothesis.
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