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Abstract :
Hpe?
the Rtemann zeta function. The classical form of the Riemann zeta
Sfunction and its Euler product are well known in analytic number
theory [1], and I will showthat : {(s) = 0 and Re(s) > % > Q@@=

0. We deduce the proof of the Riemann Hypothesis.
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I will study the Sghiar's function ®:.(X,z)—
T P the set of prime numbers. Which is an extension of

I. INTRODUCTION

If | X I<1 and

Re(z) >0 it can be seen that
1 o XTM .
]—Ipespr/pZ = Yine1—,— Where the trace T(n) = Yo if
n=[[; n?i .

For the case where X =
known, by using the Dirichlet eta function,
Hpe:P 1-1/p? =0(2)
complex plane, where it is holomorphic except for a simple
poleatz =1 [1].

However, in the general case, and even just for the case where
| X I< 1 and Re(z) > 0, the situation becomes more

complicated, and it was necessary to prove holomorphy by a
different method .

As we will see, the product []

1and Re(z) > 0, it was already
that

admits an analytic continuation to the

! where it is
pEP 1-X/p? >

defined, retains the same convergence and holomorphic

propetties as the product [[,,c» ——— This can be interpreted

pe? 1-1 / z
by noting that multiplying ; by X does not disrupt the

convergence, and the holomorphic nature with respect to X
and z is preserved.

The holomorphy of the function ®: (X,z) = [l,ep j

with P being the set of prime numbers, will be investigated
in this work. This analysis relies on classical properties of
holomorphic functions and on known properties of the
Riemann zeta function [1].
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I recall that related analytical approaches to the Riemann
Hypothesis have been extensively developed in the modern
literature on analytic number theory, particularly in recent
works such as Conrey [1], Soundararajan [2], and Harper [2].
Furthermore, spectral and quantum-inspired perspectives
related to the distribution of zeros have been investigated in
recent studies on L-functions and automorphic forms
(Radziwilt & Soundararajan [4]; Sarnak [5]).

II. STATEMENT OF THE RESULT

Theorem : {(s) = 0 and Re(s) > % 50=0

Definition : Let § ={(X,z) €CxC,1#|X/p?|,Vp€
P} with P being the set of prime numbers.
Lemma 1 :

InS ,| ®X,z) I< o , where ®: (X, z) — []
P the set of prime numbers.

Proof of the Result :
For z and X complex numbers with R(z) > 0, we can

pep - X/ ——in§ like this :
Let € be a positive real number such that € < R(z) and
R(z) —e # 1.
Let p, be the smallest prime number such that | X |< ps -
For all <l

1
pEP 1—X/pz s

observe the convergence of []

p €EP withp >p, , we have: |

1— X/ z
_r
1_1/pR(z)—e'
It follows that :
[ [1 = [1 =
1—X/p% ' 1-X/p* 1-X/p*
peP /p PEPp<p /p pPEP.P>P /P
1
N T=X/pz!
DEP PPy P
| - I
1-1 R(z)-€ "
DEP,P>Po /p
Thus:
1 1
' 1—[1 — X/p? =l 1_[ 1-X/p*
pEP PEP,p<po
I 1
. 1
I Hpe?,p <o W I
[{(R(z) —€) I<
Lemma 2 :

For (X,z)in § with R(z) > 0 , the function @: (X, z) +—
Hpeyﬁ is holomorphic with respect to X and z.

The proof :
1
Let HpEfP 1-X/p? =
l_[pe? (1 + fp(z))
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Study and Consequences of the ® Function on the Riemann Hypothesis

We have to show that the series X, | f,(2)|
normally on any compact set around X or z, with f,,(z) =

converges

(;;Z/ﬁ’ which is equivalent to X /p? for sufficiently large p.

From lemma 1, it has been shown that locally, around X or
z, depending on the case,

1
Hl—X/pz <o

pEP

Thus, in particular, we have:
1

JmMyerpoq
By using the logarithm and the equivalence between
log(1 — [X1/pR@))and(1X|/pR® = |X/p?|, it follows

that: ql_i)rpoo YperpoqlX /D% = 0.

_r
®%/x)-1
deduce:

Moreover, using the equivalence between f,,(z) =

and X/p* for sufficiently
lim Y eppsqlfo(@)] = 0.

q-+oo
Proof of the Theorem:

The link between the function and the prime numbers had
already been established by Leonhard Euler with the formula
[1], valid for Re(s) > 1:

i(s) = ;% = 1_[ 1 _1p—s

pEP

large p, we

(-2 (-5 (1-F)

where the infinite product is extended to the set P of prime
numbers. This formula is sometimes called the Eulerian
product.

Note : That mathematically and without worrying about
convergence for the moment, even for Re(s) > 0, we can still
see the equality above.

And since the Dirichlet eta function can be defined by

_1\)yn—-1
n(s) = (1= 27)3(s) where : n(s) = Bz, &%
1 - (_1)11—1

for 0 <

We have in particular : {(z) =
Re(z) < 1,

As it is known that the non-trivial zeros of the Riemann
zeta function are located in the critical strip where 0 <
Re(s) < 1,[1]

Let : s=x+1iy,with 0 <Re(s) <1

1 1
{(s)Y(s) = = =
l;.[ 1-p~*1-p

1

1-21-z4M=1 gz

pe? (1 _ e—xln(p)cos(yln(p)))z " (e—xln(p)sin(yln(p)))Z

But :

Hpe? ; 2 =
(1—e—xm(m cos(yln (p))) +(e—xm(p)sin(yln(p)))
1
[1

pEP {(1+e—xin(P) })2 +{(e—xln(p)})2

Retrieval Number:100.1/ijam.A123106010426
DOI: 10.54105/ijam.A1231.06010426
Journal Website: www.ijam.latticescipub.com

1

If Z(S) = 09 Hpe? {(1+e_xln(p)})2+{(e—xln(p)})2

the non-trivial zeros of ¢ are symmetric with respect to the

= 0 and since

line X = % because the zeta function satisfies the functional

equation [1] :
TS
(s) = 2571 sin (7) r(1—s){(1—s)
Then x =§+aandif s’ =§—a+ iy ,then I(s') =0
1
(Lre=tm®) 4 {(e=tin®))
1

But the function 5 1S increasing in

1
[01] 50 Tlper {(1+e~tln®}) > 4{(e~tin®})* 0 vte[;-
@+ al.
2 1
As  lyep (e ) ea (e ) is holomorphic :
because :
l—[ 1 _ 1—[ 1 1

PEP((14e-2n@))? 4{(e-2In®)))? PEP 1 _a/p7 1-B/p?

with A=i—1 and B= —i—1, and by lemma 2, both
1 1
l_[pejp 1—A/pz- and HpejP 1-B/p?

C\{1}R@) 23} .
If a+0
1
Moo (e (e
11 . !
15,5+ a] ), and it follows that Hpepm or 1

are holomorphic in {z €

then the holomorphic function

5> will be null (because null on

1
PEP 1-p/p?

isnull in {z€ C\ {1},R(z) = %} (Because the zeros of a

nonzero holomorphic function are separated [6]) . Let's show
that this is impossible:

1 .
If Moy = Mher (1+£@) =0 with £,(2) =
1 vz € C\ {1}, with R(z) Z% . So by the

®*/4A)-1
Lemma 2 above, the application:

®:(X,z) ane?ﬁ is holomorphic in the open
quasi-disc D ={X€CO0<|XI<v2} with Z€

C\{1}R(2) = ; . (here z is fixed ).

Let's extend the function ® by setting :

For z € C\{1},R(2) i% and Vs € R,s <0 ,suchas
R(s+2)=0:

®(C/qs:z) = HPE?W .
2,and Cissuchthat | C |=+2 ).

Note : We can see that for a small s we have (C/q°,z) €
S

In particular we have :

A/q%,z) =11
number)

Butfor z€ R\ {1},z = % we have :

(where q is a number >

1

PEP T AT n?) (where q is a prime

1 1
l— s | = | — 7 |
l;[ 1-A4/(q°pr?) l;[ 1-4/(%)
X, z) =

It follows that :
0,vX €D

And consequently :

Corollary 1 :

U(s) =0 and R(s) >

&(A/q%,z)=0, So:

®=0

1
0= R(S) = >
Proof:
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By contradiction, if this is not the case, due to the symmetry
induced by the functional equation of the Riemann zeta

function with respect to the critical line Re(s) = %

(See [1]), assuming that R(s) > % , From the Theorem, we

would have ® = 0, and consequently ¢ = 0 , which is
absurd.

Connection between @ (X,z), {(X,z) , n(X,z) and
the zeros of {(X, z)

If | X |<1and R(z) > 0, it can be seen that: &(X,z) =

1 xT()
Mper 7 = Znma T
where the trace T(n) = ¥, o ifn = [In;".

xT()
Let us define: {(X,z) = n=1—5 » Where the trace
T(n) =Y« ifn= l_[n?i.

Let us define: n(X,z) = Yo, (—1)" 1!

trace T(n) = Y q; ifn = l_[nf‘i.

xT()
, where the

nZ

Corollary 2 :

If 1—22X #0,then {(X,z) converges if and only if
n(X,z) converges, and we have: (1 —272X){(X,z) =
nx,z).

xTm .

And {(X,z) = Xyo;—— where T(n) = Yo ifn=
Hn?i, can be extended by : {(X,z) = &(X,z) if R(z) > 0.

Proof:

(1 —-272X)1(X,2) = U(X,z) — 2172XQ(X, z)

[oe]

L NC XX
= (x,2) - 2! Z—n
n=
© XTm)+1
=<(x,z)—zz _
] {2n}
© XxTen
=D -2y T
] {2n}
© XT(@n+1) © XT(n)

= z z
] {2n+ 1} ] {2n}

© XT)
_ Z(—Dn L
n=

=nX,2)

Let us note that for X =1, the convergence and
holomorphy of 1(X, z) allowed the extension of the function
¢ and demonstrated its holomorphy, which becomes less
straightforward to use when X # 1. However, we managed
to extend

o) XT(n) . o
{(X,z) = Xyo1 = where T(n) = X; o if n=[In;",

via: {(X,z) = O(X,z) if R(z) >0 since &X,z) is
holomorphic according to Lemma 2.
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III. CONCLUSION AND EMERGENCE OF ANEW
PROBLEM

Indeed, the introduction of @ allowed me to solve the
Riemann Hypothesis and to provide an extension of

XxT ) @

((X,2) = S5 S where T(n) = Sy if n = [n®
via: {(X,z) = &(X, z) if R(z) > 0. However, | have no idea
where the zeros of {(X,z) are located when X # 1. A new

problem has thus arisen !
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