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Confirm Goldfeld Conjectured for Infinitely Many 

Elliptic Curves 

Safwan Aouira, Hasan Sankari, Ahmad Abdo 

Abstract: Goldfeld conjectured: "a positive proportion of 

quadratic twists of an elliptic curve E/Q have an analytic rank of 

1. In this work, we confirm this assertion for infinitely many

elliptic curves.

Keywords. Elliptic Curves, Goldfeld Conjectured, Analytic 

Rank, Optimal Elliptic Curve, Modular Curve and Binary 

Goldbach Problem. 

I. INTRODUCTION

Elliptic curves are fundamental objects in number theory

and have critical applications in diverse fields, including 

cryptography, the study of Diophantine Equations, … 

 A general Weierstrass equation defines an Elliptic curve 

over Q: 

𝑦2 + 𝑎1𝑥𝑦 + 𝑎3𝑦 = 𝑥3 + 𝑎2𝑥2 + 𝑎4𝑥 + 𝑎6 ; 𝑎𝑖 ∈ ℤ

It has the 𝑗 − 𝑖𝑛𝑣𝑎𝑟𝑖𝑎𝑛𝑡 and 𝑑𝑖𝑠𝑐𝑟𝑖𝑚𝑖𝑎𝑛𝑡 ∆ (See [1]), such 

that: 

𝑏2 = 𝑎1
2 + 4𝑎2 , 𝑏4 = 2𝑎4 + 𝑎1𝑎3, 𝑏6 = 𝑎3

2 + 4𝑎6, 𝑏8

= 𝑎1
2𝑎6 + 4𝑎2𝑎6 − 𝑎1𝑎3𝑎4 + 𝑎2𝑎3

2 − 𝑎4
2

𝑐4 = 𝑏2
2 − 24𝑏4, 𝑐6 = −𝑏2

2 + 36𝑏2𝑏4 − 21𝑏6 𝑎𝑛𝑑 ∆

= −𝑐4
3 − 27𝑐6

2

Let 𝐸/ℚ be an 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒 and let 𝐿(𝑠, 𝐸) =
∑ 𝑎(𝑛)𝑛−𝑠∞

𝑛=1  be its 𝐻𝑎𝑠𝑠𝑒 − 𝑤𝑒𝑖𝑙 𝐿 − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 defined

for ℜ(𝑠) >
3

2
. Let 𝐷 be the fundamental discriminant of the

quadratic field ℚ(√𝐷), and let 𝜘𝐷 = (
𝐷

.
) Denote usual

𝐾𝑜𝑟𝑛𝑒𝑐𝑘𝑒𝑟 𝐶ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟. 

 𝐺𝑜𝑙𝑑𝑓𝑒𝑙𝑑 𝑐𝑜𝑛𝑗𝑒𝑐𝑡𝑢𝑟𝑒𝑑 that 

∑ 𝑜𝑟𝑑𝑠=1𝐿(𝑠, 𝐸𝐷)~
1

2
∑ 1

|𝐷|<𝑋|𝐷|<𝑋

 

A 𝑤𝑒𝑎𝑘𝑒𝑟 𝑉𝑒𝑟𝑠𝑖𝑜𝑛 of the conjectures is that for 𝑟 =
0 𝑜𝑟 1,  
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#{|𝐷| < 𝑋|𝑜𝑟𝑑𝑠=1𝐿(𝑠, 𝐸𝐷) = 𝑟} ≫ 𝑋
For 𝑟 = 0, there is remarkable progress (see [3]). For 𝑟 =

1, the results are much lower, 

𝑉𝑎𝑡𝑠𝑎𝑙 𝑎𝑛𝑑 𝐵𝑦𝑒𝑜𝑛 [3]  confirmed this conjecture for only 

two 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒𝑠. Then 𝐵𝑦𝑒𝑜𝑛, 𝐽𝑜𝑒𝑛 𝑎𝑛𝑑 𝐾𝑖𝑚 [3] 
Provided results in this field that we rely on in our work. 

  Theorem 1. For a positive proportion of fundamental 

discriminants 𝐷, there are infinitely many 𝐸/ℚ such that 

𝑜𝑟𝑑𝑠=1𝐿(𝑠, 𝐸𝐷) = 1
This theorem answers 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 9.33 in [5]. 

II. ASSUMPTIONS

In this section, we introduce the objects we need later and 

collect some crucial facts about them. 

Let 𝐸/ℚ be an 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒 of conductor 𝑁 and 𝑋0(𝑁)
the 𝑚𝑜𝑑𝑢𝑙𝑎𝑟 𝑐𝑢𝑟𝑣𝑒 of level 𝑁 with 𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 𝐽0(𝑁). The

work of Darmon, Henri, and Rotger, Victor [4] shows that 

there is a 𝑠𝑢𝑟𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 ∅: 𝑋0(𝑁) → 𝐸 defined over

ℚ, which uniquely factors in 𝐽0(𝑁) through a

ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝜋: 𝐽0(𝑁) → 𝐸. An 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒 𝐸/ℚ is

said be 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 if ker (𝜋) is connected. There is a unique 

𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒 𝐸 in any 𝑖𝑠𝑜𝑔𝑒𝑛𝑦 𝑐𝑙𝑎𝑠𝑠 of 

𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒𝑠 defined over ℚ of conductor 𝑁. 

Theorem 2.1. (see [2] ) let 𝐸/ℚ be an 

𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒  of 𝑠𝑞𝑢𝑎𝑟𝑒 − 𝑓𝑟𝑒𝑒 conductor 𝑁. 

Let 𝐹 be the associated new form, and for 𝑑|𝑁 let 𝑤𝑑 = ±1
be such that 𝑊𝑑𝐹 = 𝑤𝑑𝐹 where 𝑊𝑑 is the 𝐴𝑡𝑘𝑖𝑛 −
𝐿𝑒ℎ𝑛𝑒𝑟 𝑖𝑛𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛. Suppose that: 

 (𝑖) 𝑁 = 𝑝. 𝑞, where 𝑝, 𝑞 There are different primes such that 

𝑤𝑝 = −1, 𝑤𝑞 = 1 and 𝑝 ≠ 3 , 𝑞 ≡ −1 (𝑚𝑜𝑑 9)

(𝑖𝑖) There is an 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒 𝐸′/ℚ Which is isogenous

over ℚ to 𝐸 and has a ℚ − 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙  3 − 𝑡𝑜𝑟𝑠𝑖𝑜𝑛 Point. 

Then 𝑜𝑟𝑑𝑠=1𝐿(𝑠, 𝐸𝐷) = 1, for a positive proportion of

fundamental discriminants 𝐷. 

Let 𝐺(𝑥) ∈ ℤ[𝑥] Be a polynomial of degree 𝑘 With a positive 

leading coefficient. 𝑃𝑒𝑟𝑒𝑙𝑙𝑖 [3] and 

𝐵𝑟𝑢𝑑𝑒𝑟𝑛, 𝐾𝑎𝑤𝑎𝑑𝑎 𝑎𝑛𝑑 𝑊𝑜𝑜𝑙𝑒𝑦 [5] proved that almost all 

values of the polynomial 2𝐺(𝑚) Are of two primes. 

   Theorem 2.2. (See  [2]) Let 𝐺(𝑥) ∈ ℤ[𝑥] Be a polynomial 

of degree 𝑘 with a positive leading coefficient and 𝐴 , 𝐵 be 

positive integers such that (𝐴, 𝐵) = 1. Let 𝑆𝑘(𝑀, 𝐺) Denote

the number of natural numbers 𝑚 with 1 ≤ 𝑚 ≤ 𝑀 for which 

the equation  

2𝐺(𝑚) = 𝐴𝑝1 + 𝐵𝑝2

Has no solution in primes 𝑝1 , 𝑝2. Then there is an absolute

constant 𝑐 > 0 such that 

𝑆𝑘(𝑀, 𝐺) ≪𝐺 𝑀1−𝑐/𝑘

We use Theorem 2.2 to show that 

there are infinitely many 𝐸/ℚ 

Satisfying the conditions in 

Theorem 2.1. 
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III. NEW RESULTS 

Our principle is the following. Let 𝑝1, 𝑝2 Be two primes, 

both greater than 3 and (𝑝1, 𝑝2) = 1. Let  

𝐸′/ℚ ∶ 𝑦2 + 2𝑝1𝑥𝑦 + 𝑝2𝑦 = 𝑥3 

  𝑷𝒓𝒐𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝟑. 𝟏. (0,0) ∈ 𝐸′/ℚ is 3 − 𝑡𝑜𝑟𝑠𝑖𝑜𝑛 Point. 

  𝑃𝑟𝑜𝑜𝑓. We easily see that (0,0) ∈ 𝐸′/ℚ. The tangent 𝑦 = 0 

only intersects the curve at (0,0), so 2(0,0) = ∞. Then 

3(0,0) = 2(0,0) + (0,0) = ∞ + (0,0) = (0,0).                                                 

The discriminant ∆= 𝑝2
3(𝑝1

2 − 27𝑝2), then 2 , 3 ∤ ∆ and 𝑐4 =

𝑝1
3(𝑝1

3 − 24𝑝2), We easily see that for every prime factor 𝑡 of 

∆, 𝐸′/ℚ has 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛𝑠 at 𝑡. Thus, the 

conductor 𝑁 of 𝐸′ is 𝑠𝑞𝑢𝑎𝑟𝑒 − 𝑓𝑟𝑒𝑒. 

  (0,0) is a normal node at 𝑝2, then 𝐸′/ℚ has 

𝑠𝑝𝑙𝑖𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 at 𝑝2, and 𝑤𝑝 = −1. 

It is a node; the slopes of the tangent lines at this node are 
−𝑝1±𝑝1√−3

12
: ( −

𝑝1
2

9
, −

𝑝1
3

27
)   

For 𝑡 ≡ 1 (𝑚𝑜𝑑 3) (We find that √−3 ∈ 𝐹𝑡), that implies 

𝐸′/ℚ has a 𝑠𝑝𝑙𝑖𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 at 𝑡. 

For 𝑡 ≡ −1 (𝑚𝑜𝑑 3) (We find that √−3 ∉ 𝐹𝑡), that implies 

𝐸′/ℚ has a 𝑛𝑜𝑛 − 𝑠𝑝𝑙𝑖𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 at 𝑡. 

We take 𝐺(𝑥) = (18𝑥 + 8𝑥)3/2. By 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.2, there are 

infinitely many 𝑚 such that 

2𝐺(𝑚) = (18𝑚 + 8)3 = 27𝑝 + 𝑞 

For some 𝑝 , 𝑞 are primes, we put 𝑝2 = 𝑝 , 𝑝1 = 9𝑚 +

4 , 𝑚 ∈ ℤ+, then ∆= 𝑝3. 𝑞 and 𝑁 = 𝑝. 𝑞 where 𝑞 = 9𝑝1
3 −

27𝑝2 ≡ −1 (𝑚𝑜𝑑 9). So 𝐸′ has 

𝑠𝑝𝑙𝑖𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 at 𝑝 and 𝑛𝑜𝑛 −
𝑠𝑝𝑙𝑖𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 at 𝑞, then 𝑤𝑝 = −1 , 𝑤𝑞 =

+1. Thus, if we let 𝐸/ℚ be the 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒 of 

the 𝑖𝑠𝑜𝑔𝑒𝑛𝑦 𝑐𝑙𝑎𝑠𝑠 of 𝐸′/ℚ, then 𝐸 satisfies all conditions in 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.1 . For infinitely many 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐 𝑐𝑢𝑟𝑣𝑒 𝐸 have 

different 𝑗 − 𝑖𝑛𝑣𝑎𝑟𝑖𝑎𝑛𝑡𝑠 by the form of the conductors of 𝐸. 

This completes the proof of 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1.           

IV. CONCLUSION 

In this work, we confirm Goldfeld's conjecture for infinitely 

many elliptic curves. We rely on the modular curve and the 

binary Goldbach problem.  Of course, many questions related 

to the rank of the Goldfeld conjecture remain unresolved and 

will require further research and effort. In future studies, we 

may find answers to these questions. 
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