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Abstract: This paper investigates the arithmetic structure of 

exponential Diophantine equations of the form Ax + By = kn, where 

A, B, k, x, y, n ∈ Z+. Classical treatments such as the Beal 

Conjecture [1] and Fermat’s Last Theorem (FLT) [2] restrict 

attention to exponents greater than two, leaving open the 

structural behavior of the equation for n = 1 and n = 2. This 

manuscript provides a unified framework addressing all positive 

integer exponents. A central theorem establishes that each term 

Ax, By, and kn can be expressed as the sum of an arithmetic 

sequence whose number of terms and average term are positive 

integers, provided the equation has a trivial or non-trivial common 

factor. This elasticity property of kn is derived through Gauss’s 

method for summing arithmetic progressions. The case n = 2 

recovers the classical identity for k2 as the sum of the first k odd 

integers [3], revealing Pythagoras’ theorem as a special instance 

of the general framework. For exponents exceeding two, if gcd(A, 

B,k) = 1, the arithmetic structure collapses, aligning with the Beal 

Conjecture as it is presented in the literature as a generalization of 

FLT [1]. The results demonstrate a consistent theory for all 

positive integer exponents and show that every sum of two positive 

integers has either a trivial or a non-trivial common factor. 

Keywords: Beal Conjecture; Arithmetic Sequences; Exponential 

Diophantine Equations; Fermat’s Last Theorem; Pythagoras 

Nomenclature: 

FLT: Fermat’s Last Theorem 

I. INTRODUCTION 

The Beal Conjecture [1] and Fermat’s Last Theorem 

(FLT) [2] both concern exponential Diophantine equations of 

the form 

𝐴𝑥 + 𝐵𝑦 = 𝑘𝑛   …   (1) 

where A, B, k, x, y, n ∈ Z+ and the exponents satisfy x, y, 

n > 2. These classical formulations exclude the cases n = 1 

and n = 2. This work examines all positive integer exponents 

and shows that a coherent arithmetic structure applies across 

all cases. The representation of k2 as the sum of the first k odd 

integers [3] naturally connects with the general theorem 

presented here, revealing Pythagoras’ identity as a special 

case within a broader arithmetic framework. 
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II. ELASTICITY THEOREM 

Theorem 1 (Elasticity of a Number). For positive integers 

k, n, the value kn can be expressed as the sum of an arithmetic 

sequence with mk terms, first term 

, 

average term 

, 

and common difference 2, provided 

m ∈ Q+, mk ∈ Z+ , .   ...   (2) 

Proof. 

   …   (3) 

   …   (4) 

Consider the equation 

 

𝐴𝑥 + 𝐵𝑦 = 𝑘𝑛 .  …   (5) 

 

Multiplying the right-hand side of (3) by 

   …   (6) 

converts kn into an arithmetic sequence with mk terms and 

average . 

Set n = 1 in (5): 

(𝐴𝑥 + 𝐵𝑦)1 = 𝑘(1).  …   (7) 

Thus 

𝐴𝑥 + 𝐵𝑦 = 𝑘.  …   (8) 

Set n = 2 in (5). A classical identity [3] states: 

 

k2 = 1 + 3 + 5 + ··· + (2k − 1).   …   (9) 
 

Hence 

Ax + By = 1 + 3 + 5 + ··· + (2k − 1).   …   (10) 

This decomposes as 
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   …   (11) 

The first sequence sums to t2, with average 

   …   (12) 

 The remaining (k − t) terms sum to k2 − t2, with average 

   …   (13) 

Example. Consider the Pythagorean triple 82 + 62 = 102. The 

value 82 has equivalent representations 64 = 43 = 26. Each 

equivalent form corresponds to a different choice of m in the 

elasticity theorem, illustrating that the quantity can take 

multiple exponential forms depending on m. This 

demonstrates the representation's elastic nature. 

Now let n > 2 in (5) with gcd (A, B, k) = 1. Then: 

   …   (14) 

Convert both sides: 

.   …   (15) 

 

The expressions inside the parentheses on the left are not 

integers when gcd (A, B, k) = 1. Therefore, (15) cannot 

represent an arithmetic sequence with an integer average. 

This obstruction aligns with the Beal Conjecture, which 

asserts that if 

𝐴𝑥 + 𝐵𝑦 = 𝐶 𝑧 

With x, y, z > 2 have a solution in positive integers, then A, 

B, and C must share a common prime factor [1].  

III. CONCLUSION 

If the equation 

𝐴𝑥 + 𝐵𝑦 = 𝑘𝑛 . 

 

Holds in such a way that the triple (A, B, k) possesses either 

a trivial or a non-trivial common factor. Each of the quantities 

Ax, By, and kn can be written as an arithmetic sequence whose 

number of terms and whose average term are positive 

integers. Consequently, whenever an equation of the form Ax 

+ By = kn is satisfied under such conditions, the resulting sum 

necessarily reflects the presence of either a trivial or a non-

trivial common factor among the bases involved. 
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