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Abstract: This article serves as a continuation of our previous
work 1, which remains our primary reference for investigating
specific homological properties with completion. Let the rings not
be necessarily commutative and the modules be the unitary left
(resp. right) modules. Let (G,(Gp)ney) be a filtered normal
group equipped with the group topology associated with the
filtration (G,,) nen formed of normal subgroups and C(G) the set
of Cauchy sequences with values in G. We define an equivalence
relation R on C(G) by: (xp)R(Yy) & (Xn) — (Yn) = (Xn — ¥n)
converges to 0, noted by (x, —y,) — 0. The quotient set
C(G)/R:= {(/x—D | (xp) € C(G)} denoted G is equipped with a
group structure and is called the completed groupe of G. For any
filtered ring (resp. left A-module) (A,(I)nen) (resp.
(M, (M,)pey) ), the completed group A (resp. M ) is equipped
with a ring structure (resp. A-module) by @ X (/b—D =
(@ub,,) (resp. (@) - (m,) = (@, -my)) where (ay),(b,) € 4

(resp. (m/:) € M ) called completed ring (resp. module) of A
(resp. M ). And for all saturated multiplicative subset S of A that
satisfies the left Ore conditions, S = {(/x—D €A (/x—D # 0 and
Ing € N,n > ng, x,, € S} is a saturated multiplicative subset of A
that satisfies the left Ore conditions 1. Among the main results of

this article, we have : - the functors S/‘T() is isomorphic to
S Y(A) ®;—. and S71() is isomorphic to S:@) Xz—. - the
functors Hom;,(.ﬂ ®; M, —) and Homg(S‘lz@A M, —)
are isomorphic. - the functors STA® a - and Hom;(?‘lﬁ, —)
are adjoints.

This Study Allows How Establish a Relationship Between

Completion [2] and Localization [4] Under the Assumptions of a
Topological Structure.
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I. INTRODUCTION

This article serves as a continuation of our previous work
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[1], which remains our primary reference for investigating
specific homological properties with completion. In this
paper, the rings are not necessarily commutative and the
modules are the unitary left (resp. right) modules. Let
(G, (Gy)nen) be a filtered normal group equipped with the
group topology associated with the filtration (G,)nen
formed of normal subgroups and C(G) the set of Cauchy
sequences with values in G. We define an equivalence
relation R on C(G) by: (x, )R(y) © () — ) =

(xn — y) converges to 0, noted by (x, —y,) = 0. The
quotient set C(G)/R: = {@ | (x,) € C(G)} denoted G is
equipped with a group structure and is called the completed
groupe of G. For any filtered ring (A4, (I,)nen ) (resp. left A-
module (M, (M,))en) ), the completed group A (resp. M ) is
equipped with a ring structure (resp. left A-module) by
(@) X (bn) = (a,b)( tesp. (@) - (my) = (ay - my))
where (a,,), (by) € A( resp. (m,) € 1\71) called completed
ring (resp. module) of A( resp. M).

In the commutative case, the localization functor S™1()
and the functor S™'4A ®, - have been studied by many
authors [3]. However, in the non-commutative case, these
functors have been addressed by few authors [4]. But, the
completed functors ﬂ) and S ‘/1?4) ® - have not been
explicitly studied in either the commutative or non-
commutative case to our knowledge, which constitutes the
main objective of this work. In this article, we study the
completed functor ﬁ) of the localization functor S™1()
and the localization functor $71(), then their relationships
with the tensor product functors
STIA) ®s =S @4 — S A® - and
HomA(S/‘TA Qi M, —). We also study the adjunction
between the functors and SC?), where S is a saturated
multiplicative subset of A that satisfies the left Ore
conditions and § = {@ €Al (x,) #0and In, eN,n >
ng, Xy, € S} is the set of classes of Cauchy sequences in A
with values in S that do not converge to 0 , which is a
saturated multiplicative subset of A that satisfies the left Ore
conditions [1]. Thus, the main results in this article are: The
section 1 consists of preliminary results. In section 2, we
proove that:

The completion functor S/‘T() of the functor S71() is
isomorphic to the localization functor $~1().

The functors $~1() and S 1A Q,— are isomorphic.
The functors $~1() and $™*(4) ®; - are isomorphic.
The functor S/‘T() is isomorphic to the functor
S7HA) ®4-.

The functor $71(4) ®; -
is  isomorphic  to
STTAR,—.
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Completed Functor S~1() of the Localization Functor $~1(), Isomorphism and Adjunction

= The functor Hom A(,ST—TA Qi M, —) Proof. (M ®, N)pey is a sequence of subgroups of
is isomorphic to the functor Homz(S~14 ® 4 M, —). M &4 N by definition.

* The functor S~TA ®,— is adjoint to the functor Since M Q4 N)py1 = Zisjenes Mi Q4 N; =
Homg(.f_l/i, _)- Disn+1 M; ®4 No + Zi+j5n+1 M; ®, Njyq and

M Q4 N)p =Xisjsn Mi Qg Nj = Xicn M; ®4 Ny +
Il. DEFINITIONS AND PRELIMINARY RESULTS ¥, .. M, ®, N;_pthen (M ®, N), € (M @4 N)ps1.

Proposition 1. Let (4, (I,)neny) be a filtered ring,

(M, (M) ) a filtered left A-module and (N, (N,),cy) a  1neorem 1. Let (A, (In)ney) be a filtered ring,
filtered right A-module. Then, the sequence of subgroups (M, (My)nen) a filtered left A module and (N, (N)new) a
8 ) ’ 1 group filtered right A-module. Then, the tensor product group

with general term (M @4 N), = Zi+j§n M; @4 N; equips ), ®4 N is equipped with a topological group structure
the tensor product group M ®, N with a filtered group  ,¢sociated with the filtration (M @, N)pen.
structure.

Proof. [1]

Proposition 2. Let (A4, (I,)nen) be a filtered duo-ring and (M, (M) ,ey) 2 filtered left A-module. Then, the sequence of
submodules with general term (A ®4 M),, = X4 j<n I; ® M; equips the left tensor product A-module A ® 4 M with a
filtered module structure.

Proof. [2]
According to proposition 1, (A ® 4 M),y is a filtration of (A ®, M) as a group when considering A as an A-module.
Lety € I,(A @4 M), then there is x; € I,,,u;; € I; and v;; € M;, where | € ] is a set of indices, such that

y= z X1 Z u; Q@ vy = Z Z (quy) @ vy | = Z (Z (quy) ® Vlj)

leJ i+jsm le] \it+jsm i+jsm \lgJ
- > (Y o)
i+j+nsn+m leJ
= (Z (quy) & Vl(k-n)> ,where j =k —nandk >n
i+ksn+m lej
= (Z (quy) & Vl(k-n)> ,where j =k —nandk >n
i+ksn+m lej
- 3 (5o (F )
i+ksn+m \Il€J lej
= Z w; ® Zy where w; = z X Ui € Ii and Zy = Z vl(k—n) € Mk
i+ksn+m lej lej
= > w®ne ) L ®M=A®AMm,
i+ksn+m i+ksn+m

Then I,(A ® 4 M)y S (A @4 M)y, V1, m € N.

Theorem 2. Let (4, (I)ney) be a filtered duo-ring equipped with the ring topology associated with (I,,),ey and
(M, (I, M) ,en) a filtered left A-module. Then, the tensor product A-module A ® 4 M is equipped with a topological module
structure associated with the filtration (A @ 4 M) en.

Proof.
Let's show that the application : A X (A ®, M) - A ®, M such that (a, (b @ x)) - a(b ® x) is continuous. For all 0 <
i,j <n €N, we have:

LIM=IM=>Y i I; Q [M=3cn iicn [M=>(AQy M)y, =¥ jcn_ii<n [jM, then for all open set K of
A @4 M, there is an open set K’ of M such that }j=n-i [M S K' & (A Q4 M), € K.

isn

Since (a + I,) X (b Rx+(AQy, M)) is a neighborhood of all (a, b ® x) €t (K), then
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(a+1) x+2 LM |=ax+I,x+a Z LM + I, Z LM

jsn—-i jsn—ijisn jsn—iisn
isn
=ax + I,x + Z LM, since I; are ideals
jsn—iisn

=ax+Ix+1,M+ Z

jsn—il<isn

LM =ax + Z I;M, since I,x < [,M
jsn—ijisn
=ax + Z [McK " since the laws of M are continuous

jsn—ijisn

>@a+L)|x+ Z LM | =ax + LM <K'
jsn—i,

= ((a+1n) X (b®x+(A ®AM)n)) = (a+1n)(b®x+(A®AM)n) €K
S@+L)XbRx+ (AQuM),) <. 1 (K).

jsn—ijisn

Remark 1. We denote by A ® , M the completed of the left tensor product A module A ® 4 M equipped with the topology
associated with the filtration (A @ 4 M) ey [1] .

Lemma 1. Let (4, (I,)nen) be a filtered ring equipped with the group topology associated with (I,,),en, 4 its completed, S
a saturated multiplicative subset of A that satisfies the left Ore conditions and S the set of classes of Cauchy sequences in A

with values on S that do not converge to 0 . Then, S is a saturated multiplicative subset of A that satisfies the left Ore
conditions.

Proof. [1]

Definition 1. Let (A4, (I,,)ney) be a filtered ring equipped with the group topology associated with (I;)nen, S a saturated
multiplicative subset of A that satisfies the left Ore conditions, S™*() the localization functor [4] and F() the completion
functor. We call the completed functor of S~1() the functor S=1() = F o §71() defined by S~1() = F o S~1(): AF — Mod —

o

S~1A4 — Mod such that:

(1) For all M € Ob(AF — Mod), then
STI(M) = F o S™*(M) € Ob(STAF — Mod)
(2) For all f € Hom,z(M,M"), then
STI(f) = F o STY(f) € Homg=,,(S7IM,SIM")

Proposition 3. Let (4, (I,,)nen) be a filtered ring equipped with the group topology associated with (I,),en, S a saturated
multiplicative subset of A that satisfies the left Ore conditions. Then, the functor S~1() is covariant, additive and left exact.
Proof. Use the functors completion F and S~*() [4].

III. FUNCTORIAL ISOMORPHISM AND ADJUNCTION

Theorem 3. Let (4, (I))en) be a filtered ring equipped with the group topology associated with (I,) ey, 4 its completed.
Then, the completed functor S=1() of the functor S~*() is isomorphic to the localization functor $~1() (noted by $~1() =

$710).
Proof.
(1) 9py:S™IM - S~1M, (?) - ((r:”)) is isomorphic by the theorem 9.6 [1].

(2) Let (M', (My)nen) a filtered left A-module equipped with the group topology associated with (My,),ey and f: M — M’
a compatible modules morphism. Then, we have : $71(f):S~'M —» $~'M’, (ﬂ) - % and S71(f) : S*IM -

Sn

commutative

diagramm

S—iM, (ﬂ) - (M) are  modules morphisms. We  have the

Sn Sn

vy UL R - v,
STy 5@
S—1A1 Fer? S—1M.

Indeed :

Retrieval Number:100.1/ijam.B121405021025
DOI: 10.54105/ijam.B1214.05021025
Journal Website: www.ijam.latticescipub.com

Published By:
Lattice Science Publication (LSP)
29 © Copyright: All rights reserved.


https://doi.org/10.54105/ijam.B1214.05021025
https://doi.org/10.54105/ijam.B1214.05021025
http://www.ijam.latticescipub.com/

Completed Functor S~1() of the Localization Functor $~1(), Isomorphism and Adjunction

(@) S7L(f) o Oy (@) = $-1() ((Z:E))) _ (fgﬁ\;))

(6) 9,y © ST ((’;‘_:)) _ s, ((fff))) _ (f((’g))

Proposition 4. Let (4, (I,)ney) be a filtered ring equipped with the group topology associated with (I,,),en, A its
completed, S a saturated multiplicative subset of A that satisfies the left Ore conditions, (M, (M, ),ey) a filtered left A-

module equipped with the group topology associated with (M,,),,en. Then, the correspondence defined by:

¢: S TAe; M — S A)oiM
() el — o(()em) - (mem)
il M iel M iel

is an isomorphism of left A-modules.

Proof.
(1) Show that ¢ is a well-defined map.

Letz ( m) ® (my), z ( ) ® (m},,) € STA ®; M such that

2. ()@ o - 2. ()& G

nt

— — ) _ (b
We have: Y; (?) R (my) = (?) R (my,) = (Sm) (fm) ,Vi by definition of tensor product. Therefore, we
™ ™ (my) = (my,)

(M —_ bnl) - 0 b b
. ani i Ani
havey \sni tni ,Vi. Moreover, (S—’” ®my,, — m;ll.) = (ﬂ - "‘) ® (my; —my;) — ( ’") & (my; —
ni ni

(mni - nt) - 0 ‘ i fni
b i bni .
M) + (22— 228) @ (my,) thus, (%2 @ m,, — 22 @ my, ) - OV,
Sni tni Sni tni

ani bni
> (L @m, - LM Om,) -

= i o < bni o 1 {an) — b\ o
Therefore, (£ 24 @ mye) = (5052 @ miy ) = ¢ (21 () ® () = o (% (22) @ 6ol
(2) Show that ¢ is a morphism of A-modules.
(a) Itis clear that ¢ is a group morphism.

(b) Let(a,) € Aand ¥; (?) ® (m,,) € STTA ®@; M, we have:
((un)XZ(b ) Tr;:;j) = (Z(uﬂ) m [ (mm )

(ol
=@ Z(ﬂ-n X ;f:‘) 5 ('”?-'ﬂ‘i)
1

(Zan x 4nt @ mm)

(} n ( L G0 Mg

- (&) )

(3) Show that ¢ is bijective.
(a) The surjectivity is evident.

(b) Let ¥; (azl’) ® (m,,) and 3}; @ ® (ml,) € STA ® ; M such that
¢ (Zz (%) ® (ﬁ)) =¢ (Zi @ ® (ﬁ)), let us show that
% (=) ® () = %0 () ® (.

S

We have:
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¢<Z @@(ﬁ))w@ @@(’m‘@)

a'n’l’ s ?TI aTn’n’ s ?rl
(Z 'HI X ni Z 'l'! x Ti"!

Ani QAni
> (X = @my - L M @my) - 0

. ani 1
Moreover, for all i€LY,; S—:: R my = o & i XniQniMp; and
Ani r 1 ’ _ _ o1
Yi -~ Rm,,; = o R Y xpipimy,;, ¥n €N where Sp =1I1i sni and Xpi = Sp'Spi €S R

Thus, (Zi :—:ll Q My — X :—:ll ® m;u') = (é ® X XniniMy; — i ® X xnianim;u') = (i Q Xi XniGnilmy — m;u']) -
0

= (Xixnini[mp — mpy]) - OA

= (Eiel/iniani_"lni —T_;i']) =0 -

=% (on) X (am) X (mnt) =/Z\i(xm)/\$<\ (am)/sz\(m;u);_\ o o - -
Therefore, for all i€1,(x,) X (ay) X (my,,) = (x,) X (a,,) X (M), vn € N = (a,,,) X (my,,) = (a,) X (m},),Vi.

Thus, (22) @ (m) = (22) ® (i), vi, then 3, (22) @ ) = 54 (22) © (mk).

Corollary 1. Let (4, (I)nen) be a filtered ring equipped with the group topology associated with (I,,),en, A its completed
ring and (M, (Mp,),en) @ filtered left A module equipped with the group topology associated with (M,),ey. Then,

S 1A ®; M and S~1(A) ® 4 M are isomorphic.

Corollary 2. Let (4, (P)qey) be a filtered duo-ring equipped with the P-adic topology, A its completed ring, S a set of
regular elements of A \ P and (M, (P™M),,cy) a filtered left A-module equipped with the P-adic topology. Then, 4, ® 3 Mp
and Ap ® 4 Mp are isomorphic.

Proposition 5. Let (4, (I,)nen) be a filtered ring equipped with the group topology associated with (I,,),en, 4 its completed
ring. Then, $~14 ® ; M is isomorphic to S~1(4) ® . M

Proof.
According to theorem 3, we have ST'A=S"1(4), then STTAQ;M=S"TA)Q;M=S1(A) QM
Corollary 3. Let (4, (P,)ney) be a filtered duo-ring equipped with the P-adic topology, A its completed duo-ring, S a set of
regular elements of A \ P, (M, (P™"M),cy) a filtered left A-module equipped with the P-adic topology. Then, A ® 7 Mp is
isomorphic to Ap @ 4 Mp.

Proposition 6. Let (4, (I,) nen) be a filtered ring equipped with the group topology associated with (I,,),en, 4 its completed
ring. Then, the correspondence:

X7 S'AxM s S'M

({r; : (;;;;]) . (@ {) {,},1 5 s A-bilinear.
" Sn

Theorem 4. Let (A, (I,)nen) be a filtered ring equipped with the group topology associated with (I,)nen, and 4 its
completed ring. Then, the functors $~*() and $~1(4) ® 43— are isomorphic.
Proof. There is a left A-module, according to proposition 6, defined by:
Xg: §'Aepd  — 5

__.-—-.__

(fimJ < ﬂmJ ﬂlm}
' (m — ni) i)
i (s01) >_<' (f na) Z (#ni)

according to the wuniversal property of the tensor product. )z is indeed bijective, as follows:
(1) According to 4, S™*M and S™'A ® 4 M are isomorphic. Consequently, S~ S~TM and S7'4A @ ®4 M are also isomorphic.

H

By the theorem 3, ST'A® M and S~1A ®; M are isomorphic. Since S~14 ®4; M and
S$71(A) ® 4 M are isomorphic, by Proposition 4, then $~*A ® M and $~'M are isomorphic.

Therefore, there exists wg:STM —S$TA® oM
Retrieval Number:100.1/ijam.B121405021025 Published By:
DOI: 10.54105/ijam.B1214.05021025 Lattice Science Publication (LSP)

Journal Website: www.ijam.latticescipub.com 3 © Copyright: All rights reserved.



https://doi.org/10.54105/ijam.B1214.05021025
https://doi.org/10.54105/ijam.B1214.05021025
http://www.ijam.latticescipub.com/

Completed Functor S~1() of the Localization Functor $~1(), Isomorphism and Adjunction

(2) Consider (M, (M) nen) and (M', (M;,)nen) two left A-modules, and f: M - M’ a compatible module morphism. Then,
according to point 1 , the following diagram commutes:

S’\_ll/\/jL §_lffl\®g M
fAl 15-170f
G — T 51 he T
Indeed:
Let (mm) € $~1M, then:

)

cwgr 0 S7(f) <(’D) = wm <@> = wg <@)

(sn) (sn) (sn)
(15_1A®f)°w <( n)) (51A®f)<’\®(mn))
(Prn) (sn)
= E ® (f(—m\n))

Thus, the functors $71() and © ' (1) ©3 — are isomorphic.
Corollary 4. Let (4, (I)qen) be a filtered ring equipped with the group topology associated with (I,,)nen, and 4 its

completed ring. Then, the functors $~1() and S TAQ® 4— are isomorphic.

Proof.
By the theorem 3, we have $~1() = S~1() = S~1(4) ®,.

Corollary 5. Let (4, (P,),en) be a filtered duo-ring equipped with the P-adic topology, A its completed duo-ring, S a
subset of regular elements of A \ P, (M, (P"M),,cn) a filtered left A-module equipped with the P-adic topology. Then, the
functors $~1() and Ap ® ,— are isomorphic.

Theorem 5. Let (4, (I,)ney) be a filtered ring equipped with the group topology associated with (I,),ey, and A its
completed ring. Then, we have:

() S0 = 1(A) ®a-
2) $- 1(A)® = STAQ,—
3) 510 =S 1(A) ®a—

Proof.
(1) We have $7'A and S—TA are isomorphic (theorem 3). Thus, $71) =S 'A®; —=S"1(A) @ ;— by theorem 4 .
(2) 1t suffices to observe that S—1() = S~1TA @,—= S 1A ®; —= §1(), by theorem 4,

(3) Follows from 1. and 2.

Corollary 6. Let (A, (P)ney) be a filtered duo-ring equipped with the P-adic topology, A

its completed ring, S a subset consisting of regular elements of A \ P, (M, (P™"M),cy) a filtered left A-module equipped with
the P-adic topology, and $ = {(x,,) € 4 | (x,,) # 0 and 3n, € N,n > ng, x,, € S} the set of equivalence classes of Cauchy
sequences in A with values in S that do not converge to 0 . Then, we have:

(1) 024, ® ®a
(2) ®A —=Ap Qu—
3) S0 = 45 Q4.

Proposition 7. Let (4, (I,,) nen) be a filtered ring equipped with the group topology associated with (I,,),en, 4 its completed
ring, and (M, (M) nen), (M', (M;,) nen) two filtered left A-modules. Then, there is an isomorphism

Yy Homz(STTAQ; M, M) - Homz(S~1AQ®, M, M")
f e Yy (F):STTA@aM — M
Ty An —
(Z ® mm) - f (Z () (mm)>
- Sm
el el
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Proof.
It is evident that 1 is well-defined (existence) and is a morphism of A-modules. Let us show that i is bijective.
Consider the application

Py Hom._Z(S':lA A U 'Eﬁ] — Hom‘;(._‘itm &,EE ﬁ}}ﬁ
f — Wi (f): ST'A@yz M — M’

(%u) i) (rr?nij — f ((E%M ® mm.))
el ict

¥, is a morphism of A-modules.
For every g € Hom,(S™TA ® ;2 M, M"), we have:

e — e ——

[y iy Gni . = Qni .

Yy O‘."-':\I’(.g) (ZK QCﬂlni) g (ZK ® fnni.)
e iel

=Yy oY (@) =g =Yy oYy = IdHomZ(sTTA(X)EM,ﬁ’)'
Proposition 8. Let (4, (I,)ney) be a filtered ring equipped with the group topology associated with (I,,) ey, 4 its completed
ring, and (M,(M,)nen), (M',(M})pen) two filtered left A-modules. Then, Homg(m ®aM, IT/I\’) and
Homz($74 ® 1M, M") are isomorphic.

Proof.
By the theorem 3, we have $~14 = S=1(A), hence Homz(S~TA ® ; M, M") = Homy(S~'A ®; M, M") by the proposition
7.

Corollary 7. Let (A, (I)nen) be a filtered ring equipped with the group topology associated with (I,,),en, A its completed
ring, and (M, (M,)nen), (M',(M;)pey) two filtered left A-modules. Then, Homg(S‘lA’@A M, 1171\’) and Hom
A($7*A ®; M, M") are isomorphic.

Corollary 8. Let (4, (P,)en) be a filtered duo-ring equipped with the P-adic topology, A its completed duo-ring, S a
subset of regular elements of A \ P, (M, (P"M),,cn) and (M’, (P™M"),cn) two filtered left A-modules. Then, we have:
(1) Homz(4, ® 1 M,M") = Homy(Ap @, M, M").
(2)Hom,q(21; Rz M,]T/[\’) = HomA(Ap Rz M,]T/[\')
3) Homg(AP@; M, M') = Hom,i(/ip R M, 1‘7)

Theorem 6. Let (4, (I,)nen) be a filtered ring equipped with the group topology associated with (I,) e, A its completed
ring, (M, (M)nen), (M', (M;)nen) two filtered left A-modules. Then, the functors Homg(S‘lA i M, —) and
Homy(S-1A ® 4 M, —) are isomorphic.

Proof.
Let M’ be the completion of a filtered left A-module (M’, (M},),,en). According to proposition 7) Homg(m ®zM,M)
and HomA(S‘lmA M, IW) are isomorphic.

Let (M', (M})nen), (M", (M) ,en) be two filtered left A-modules and f: M' - M"
a compatible morphism of A-modules. Then, we have the following commutative diagram:

f.

Hom (S TA @z M, D) Hom (5 1A 5 M, 37)
Varr| Vosen
Hom (S TA @4 M, AP) - Hom (S " A @, M, M),
Indeed, for all g € Homy(S~TA ® ; M, M"), we have:
© Tt @ =fovw@ = Fog(Ze (22) @ @)
o fo= o (F@) = (F o 9) (Zier () ® (o)) = 7o g (Zier (22) ® Gma)).
Thus, f* o, = Py o fu.

Corollary 9. Let (4, (I,)nen) be a filtered ring equipped with the group topology associated with
(L)nen, A its completed ring, (M, (M,)nen), (M, (M})pen) two filtered left A-modules.
Then, the functors:

(1) Homz(S~TA ® 4 M, —) and Homz(S™*4 ® ; M, —) are isomorphic.
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(2) Homg($*A ®4 M, —) and Homz(S~14 ® 4, M, —) are isomorphic.

Proposition 9. Let (4, (I,)ney) be a filtered ring equipped with the group topology associated with (I,,) ey, 4 its completed

ring, (M, (M) nen), (M', (My)nen) two filtered left

A-modules. Then, Homy(S™4 ®; M, M') and Homy (1\71, Homz(S714, 1\71’)) are isomorphic.

Proof. It suffices to show that the map defined by:

Gpnr: Homz(S7*A ® 1 M, M) > Homy (M, Homy(S~*4, 1\’/1\’))
f o Gy (F): M - Homy (S714, 1)
(mn) = ¢MM' (f)((mn))
is an isomorphism of A-modules, reasoning similarly as in Proposition 7

Corollary 10. Let (4, (I)en) be a filtered ring equipped with the group topology associated with (I,,),en, 4 its completed
ring, (M, (M,)nen) and (M', (My)pen) two filtered left A-modules. Then,

Homz(S~M, M') and Homy (1\71, Homy(S714, 1\71’)) are isomorphic.

Proof.

Since $7'M and $7'A ®; M are isomorphic, Homz(S~1M, M) is isomorphic to Homg (1\71, Homg(g‘lﬁ,ﬁ’)) by the

proposition 9

Corollary 11. Let (4, (P)nen) be a filtered duo-ring equipped with the P-adic topology, 4 its completed ring, S a subset of

regular elements of A \ P, (M, (P"M)en)

and (M, (P"M")pey) two filtered left A-modules. Then, Homz(Ap ® ; M,M") and Homy (1\71, Hom,g(Ap,IVI’)) are

isomorphic.

Theorem 7. Let (4, (I,)ney) be a filtered ring equipped with the group topology defined by (I,) ey, and A its completed
ring. Then, the functors $7*A ® ;— and Homg(f “14, —) are adjoints.

Proof.

Since Homz($*4A ® 1 M, M") = Hom, (1\71, Homy(S714, 1\77’)) by the Proposition 9, it suffices to verify that:
(1) For every left A-module T that is the completion of the filtered left A-module (T, (T),)en) and g: T — M, the following

diagram:

Hom(g‘lxi\@g,ﬁ’)

Homg(@@gﬁ,]\f/[\/)

¢MM’\L
& A

Hom(g,Hom(g‘lﬁ,]ﬁ/))

Homg(@ ®g f, ]\//P)
¢¢TM’

Homg(]T/T, Homg(S_1A,M\'))

Homg(f Hom4(S~'A,M))

is commutative. (2) For every left A-module T” that is the completion of the filtered left A module (T”,(T,\)nen) and

g':M' - T, the following diagram: is commutative [5].

Hom(§_1;1®g'.ﬁ/)

Homg(@ ®3 M, ﬂ’)

Opmt i

Hom(g'.Hom(gﬁlg.ﬁ'))

Homg(@ ®; . ﬂ’)

léT’M’

Homﬁ(M.Hom‘;l(g_lﬁ. M)

Proposition 10. Let (A4, (I)ney) be a filtered ring
equipped with the group topology defined
by (I))nen, and A its completed ring. Then, the functors
S~TA ®,— and Homz($714,-)
are adjoints.

Proof.

Since $71(4A) ®;— S‘TA’;@A—, then, by the theorem
v, S TA ®,— and Homﬁ(ﬁ_lfi, —) are adjoints.

Theorem 8. Let (4, (I,)nen) be a filtered ring equipped
with the group topology associated with (I,,)ney, and 4 its
completed ring. Then:

(1) The functors S"?) and Homg(f 14, —) are adjoints.
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Homg(f’. Homj(g_lﬁ, ﬁ))

(2) The functors $71() and Homg(S’:Ql, —) are adjoints.
Proof.
(1) By the the theorem 5 and the proposition 10, we have the
result.
(3) Itis similar.

IV. CONCLUSION

This work is a continuation of our previous research on the
link between the properties of
topological completion and
those of localization 1. We
introduced the completion

S71() of the

functor
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OPENaACCESS

localization functor S™()1 and studied its relationships
with the Hom functor, the tensor product functor S-TA & z-»
as well as the completed functor S ‘1Z—® 4— of the tensor
product functor S~1A ® ,—, among others.

The results obtained allowed us to highlight several
functorial isomorphisms 5 and functorial adjunctions 7, 8. In
particular, we have shown that the completion of a

localization functor is naturally isomorphic to the
localization of its topological group completion 3.
These results contribute to clarifing the structural

relationships between completion and localization in a
topological and in the non necessarily commutative case,
and thus open new perspectives for the study of homological
functor H,, properties, notably the derived functors Ext, Tor
with the properties of completion in the non necessarily
commutative case.
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