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Study of Some Degree Five Identities of Type

(4,1)
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Abstract: In non-associative algebra, irreducible identities of
degree five are the least studied. Following Osborn's studies, the
only identity of type (5) has generated very little literature, as seen
in ([1]) and ({2]). Hence, our interest in identities of the following
type. The purpose of this study is to enable us to consider a baric
case study at a later stage, such as in ([3]) and ([4]). This paper is
devoted to the study of three of type (4,1), taken from the families
of irreducible degree five identities of Osborn. We conduct this
study in the presence of an idempotent, through a Peirce
decomposition, depending on whether the Peirce polynomial is
reducible or not over the base field of the algebra. In each studied
case, we find two orthogonal subalgebras. Therefore, in the first
two studied identities, we manage to show that there is a
homomorphism over one of the subspaces of A, whose kernel is an
ideal.

Keywords: Idempotent, Linearization, Peirce Decomposition.

I. INTRODUCTION

J . M. Osborn has determined the whole family of

irreducible degree five identities, not implied by
commutativity: an identity is said to be irreducible if, despite
the presence of a unity element, it is not a consequence of an
identity of a lower degree. He finds, over a field F of
characteristic not 2, 3 or 5, five parameterized identities, of
which:

By [yx”‘ —4(yx)x+6((yx*)x)x—3 ([:(vx)x)x)x}
+ By [—y(x%. x?) + 5(yx3)x — 9((yx?)x)x

+4(((y0)0)0)x + ()xD)x + (yxD)x? — (yx)x3]
+ 4 Ba[—y(x? - x?) + 5(vx*)x — 8((vx?)x)x
+3((x - 1) )x + ((r)x?)x +

(yx.x)x% — (yx)x3] = 0

with f3,.0, and f; in F.

(0]

In fact, identity (1) is different from the one studied by J. M.

Manuscript received on 30 July 2025 | First Revised Manuscript
received on 18 August 2025 | Second Revised Manuscript
received on 19 September 2025 | Manuscript Accepted on 15
October 2025 | Manuscript published on 30 October 2025.
*Correspondence Author(s)

Dr. Abdoulaye DEMBEGA®, Researcher, Department of
Mathématiques, Université Norbert ZONGO, Koudougou, Burkina Faso.
Email ID: doulaydem@yahoo.fr, ORCID ID: 0009-0004-6075-555X

© The Authors. Published by Lattice Science Publication (LSP). This is
an  open-access article under the CC-BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

Retrieval Number:100.1/ijam.B121205021025
DOI: 10.54105/ijam.B1212.05021025
Journal Website: www.ijam.latticescipub.com

Osborn because of the factor of ff;, but it is the same,
concerning the values of the parameters he has found. In our
study, we are interested in the following identities.

yxt — 4(yxHx + 6((yx)x)x — 3(((vx)x)x)x =0, (2)

—y(?.x%) + 5(yx®)x — 9( () x + 4 (((r)x)x) x +
(r0)x)x+ (yx)x? — (y)2® = 0, (3)

and

—y(x? ¥2) 4 5(yx)x — B((yx2)x)x +

3((yx . x)x )x 4+ ((r0)x?)x + +(yx.x)x? — (yx)x® =0,
(O]

which corresponds respectively to fy = LB = fz =0;

B»=10;=P:=0;B:=1F,= B, =0.

We assume that the studied algebras contain a nonzero
idempotent e, and F is a commutative field of characteristic
not 2, 3, 5 or 7. This will enable us to conduct our study as in

(2D-

II. IDENTITY (2)
In this section, A is an algebra defined by identity (2).
Setting x=¢ in (2), we have
[Lo(L,— (3L, —3L,+ D](¥) =0, (L.1)

with yed4 and L, being the multiplication by e. Let's
consider p(t) = —3t* + 6t® — 4t? + t which factorization is
p(t) = —t(t — 1)(3t% — 3t + 1). We examine two cases:

A. Polynomial 3t — 3t + 1 is Irréductible over F

In this case, the Peirce decomposition of A is
A=A, B A D B with
A p={xeAlex=px} ( H =0, 1) and

B =Ker(31%2—3L,+1).

The relations between the Peirce components are stated in
the following theorem.
Theorem

Let A be an algebra defined by (2). Assume that
3t2 —3t+ 1 is irreducible over F[t]. Then the Peirce

decomposition of A is A=A, B A, B B, with A; and A,
A, CB(A=0,1) and

being orthogonal subalgebras,
B? = 0. Moreover, we have:

i. e(wx;) = (ew)xy,
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Study of Some Degree Five Identities of Type (4,1)

ii. ya(aw) =% (yaw)
iii. Vi-a (52 W) = %5 (Y12 W)
iv. (Le = DW(x¥p)) = —¥o(xow) = —xp(pw)
v. e(w(xyy)) = yi(w) = x;(yyw)
withweBand A=0,1.
Proof
Linearizing identity (2), we have

y(zx®) + y(x(zx)) + 2y (x(x(x2))) — 4z (yx*) — 4x(y(z=?)) —
8x(y(x(xz))) + 6z(x(yx?)) + 6x(z(yx"2)) + 12x(x(v(xz))) —
B2(x(x(xy))) — 3x(z(x(xy))) - 3x(x(2(xy))) - 3x(x(x(zy))) = 0.
(1.2)

Let's consider x=¢ and simplify, we have
y(2L3 + 12+ L )(2) + 2(—3L3 + 615 — 4L ) (y) +
(121% — 4L, )(v(ez)) + (—3LZ + 6L _e)(z(ey)) —

8e(v(e(ez))) — 3e(z(e(ey))) — 3L (yz) = 0.
(1.3)

Let's take z€ A; and ye B in equation (1.3). Since ye B, we
have 3e(ey)=3ey-y and 3e(e(e(y))) = 2ey-y. Then

(1.3) becomes
[-3L3+ 12212+ (—8A4%2 — 44+ 1)L, + (24* + A% +

A—DI(yz) + (—3L% +3L,)(z(ey)) = 0.
(1.4)

In the following, for every tedA , we shall note
t =ty +t; + t,, with t;€ 4; (i=0,1) and t,€ B, then (1.4)
becomes

AR +24+21-1(yz)y+ (223 —72 +91 - 3)(yz), +
(=822 + 1 — De(vz), + (22° + 22 —32)(yz), +
[z(ey)]; = 0.

1.5)

If A=0 in (1.5), then we have
—(yz)—3(yz), —e(yz); + [z(ey)]; = 0, that is
(vz)g = (vz); =0 and e(yz), =[z(ey)],. So we have
vze B and e(yz), = [z(ey)]; which means e(vz) = (ey)z.
And we finally have A, BeB.

If A=1 in (1.5), then we have
3(vz)o + (vz)y —e(vz), + [z(ey)], =0, which means
(v2)g = (vz); = 0 and e(yz), = [z(ey)],. This leads to
vze B and e(yz), = [z(ey)],, which means e(vz) = (ey)z.
And we have A_15 C B.

Now let's consider y,ze B in (1.3). It gives, by
simplifications,

11
(—3L% + 3 Lo~ 2N)(yz) + (1212 — 12L,+

10
3 D) + (BE+3L)EE) =0, o
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switching y and z in (1.6) we have

11
(—3L3 + 3 Le— 20)(zy) + (1212 — 121, +

10
?J’)[z(ey)) + (—3L2 + 3L _e)(v(ez)) = 0. (w7

Difference between (1.6) and (1.7) gives

10 10
(1512 — 15L, 5 I)(z(ey)) — (15L% — 15L, -I-?I)(y(ez)) =0,

which means (15[."; —15L,+ ?J’)[z(ey) —y(ez)) = 0.
Let's consider g(t) = 15t% — 15t + 1?—0 Since
ged(p(t),q(t))=1 then z(ey)-y(ez)=0, that means

z(ey)=y(ez).
Using this last equation in (1.6), it gives

. 11 5 10

(—3L3 +?Lg —2N(yz) + (9L, — 9L, —i—? N(z(ey)) =0,

which means
10 4 10
—2(yz)y+ 3 (z(ey)p) — 3 (yz); + 3 (Z(QJ’))]_
5 1

+2e(y2), — (72); +5 (2(ey), = 0.

That leads to

10 4 10

—2(y2)+ 2 (2ey)y = 0, —£(y2), + 22 (2(ey)), = 0
and

%e[yz)z —(yz), + % (z(ey))? =0, so, it finally gives

(v2)o = 2(2(ey)),» (1.8)
(v2); =2 (z(ey)),. (1.9)
(z[ey}]? = —be(yz), + 3(yz). (1.10)

Replacing y by ey in (1.8), we have [:z[ey)]n = %z[:e[ey)]n

5 5 4
=2 (aen), — 3 7)o =5 2o
that means
9
(v2)o = 2 (2(ey)g. (L11).
Difference between (1.8) and (1.11) gives :—? [:z(ey)]n =0.

Since the characteristic of F is not
2,3 or 7, we have (z(ey))_0 = 0 so, (vz)_0 = 0.

Replacing y by ey in (1.9), we have
l:z[ey)]i = ;2'[::-2[53};]']1L = % {:z[ey)){% (yz), = % (vz),
which means

(vz); = 6(2(ey);. (1.12)

Subtracting (1.9) and (1.12), we have :—?[:z(ey)L =0,
that means l:z[ey)]i =0and (vz), = 0.

Since (vz)y = (yz), = 0, then we have yze B, that means
B2 C B. And (1.10) can be simply written

(z(ey)) = —be(vz) + 3(yz). (1.13)

Replacing y by ey in (1.13)
and simplifying, we have
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(z(ey)) = —5e(yz) + 4(vz). (1.14)
Subtracting (1.13) and (1.14) gives yz = 0. Finally, we have
B?=0.

Now, we study the products of three factors. Partially
linearizing (1.2) gives

y(z(wx?)) + 2y(z(x(wx))) +y(w(zx?)) + 2y (x(z(xw))) +
2y(w(x(x2))) + 2y (x(w(x2))) + 2y (x(x(wz))) — 4z(y(wx?)))
—8z(y (x(x(w))) — 4w (y(zx?) — 8x (¥ (z(aw))) — 8w (y (x(x2)))
—8x(y(w(xz))) —8x(y(x(wz))) + 6z(w(yx?)) + 12z(x(y(wx)))
+6w(z(yx2)) + 12x (z(y(wx))) + 12w(x (v (x2))) + 12x(w(y(x2)))
+6w(z(yx2)) + 12x (z(y(wx))) + 12w(x (v (x2))) + 12x(w(y(x2)))
+12x(x (y(w2))) — 3z(w(x(xy))) — 32(x(W(xy))) — 3z(x(x(W))))
—3w(z(x(xy))) — 3x(z(w(xy))) — 3x(2(x(wy))) — 3w(x(2(xy)))
—3x(w(z(xy))) — 3x(x(z(wy))) — 3w(x(x(2y))) — 3x(W(x(2y)))
—3x(x(w(zy))) = 0. (1.15)

Let's take x=e, ved_A,ze A_p and we B in (1.15). We have
(3 — 6p)e(y(w2)) + (3 — 6A)e(z(yw)) +

(—34—3 + 12 — 34 &, Je(w(yz))

2 7
+(2p +p— 3y(wa)+ (=322 +61 — 320w)

+(—8p* —4p — 347 + 64 + 1+ 6p"25;, )w(yz) =0
(1.16)

with &; ,=1 if A=p and 0 if not.

For A=p in (1.16), we have

(3 — 6p)e(y(wz)) + (3 — 6pe(z(yw)) +
(—34—3+12p — 34 63, )e(w(yz))

2 7

+(2p +p— 3y(wa)+ (=322 +61 — 320w)
+(—8p* —4p — 37 + 64 + 1+ 6p"26;, )w(yz) = 0.
1.17)
In (1.17), let's switch y and z. It gives

(3 — 6e(y(w2)) + (3 — pe(z(yw)) +
(61— 3)e(w(yD) + (2 + 2 y(w2)
+(—3p"2 + 6p —;zoJ‘W) +

(—5p% +2p + Dw(yz) = 0. (1.18)

Let's subtract (1.17) and (1.18). We have
(5p% — 5p+ g) [v(wz) — z(wy)] = 0, that means
v(wz) —z(wy) = 0. (1.19)

Let's take v = y;,2 = 23 and w = w, in (1.19), we have (i)
Using (1.19) in (1.17), it follows that

(6 — 12p)e(y(wz)) + (—p* + 7p — 3)y(wz)
+(6p— 3)e(w(yz)) + (—=5p% + 2p + L)w(yz) = 0.(1.20)

If A=p=0 in (1.20), we have

6e(y(wz)) —3y(wz) — 3e(w(yz)) +w(yz) =0.  Let's
multiply ~ this last equation bye, since V{(wz),
w(yz)e B = Ker(3L_e — 3L_e + I), by simplifying, we can
write 3e(v(wz)) — 2v(wz) — 2e(w(yz)) + w(yz) = 0. By
comparing the two last equations, it follows that.
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yviwz) +e(w(yz))—w(yz) =10, which means
(L,—N(w(yz)) = —y(wz). Setting y =1y, z=2; and
w = w,, we have result (iv).

If we take A=p=1 in (1.20), we have
—oe(v(wz)) + 3y(wz) + 3e(w(yz)) — 2w(yz) = 0.
Multiplying this equation by e, since y(wz),w(vz)e B,

after simplification, we have
—3e(y(wz)) + 2y(wz) + e(w(yz)) —w(yz) = 0.
Comparing these two last equations, we have

—y(wz) +e(w(yvz))=0 , which means

e(w(yz))=y(wz). Using notations y = y,,z=2; and
w = w,, we have
result (v).

Let us now consider A = 0 and p = 1 in (1.16). We have
(3L, —;I)[z(yw) — v(zw)] = 0. Since the only eigen
values

are 0 and 1, the operator 3L_e — Z I is injective. So, we can
write y(zw) = z(yw). Taking y = V.2 = 2,

and w = w, we have y, (zgWw;) = zp (VW)

In the same way, if A=1 and p=0 in (1.16), we have
(3L, —>D[y(zw) — z(yw)] =0.  That

v(zw) = z(yw), because

means

2. L . .
the operator 3L, — -1 is injective. Using the following
notations y = ¥4, = 2,

and w = w,, we have y; (zgw;) = zo (VW)

Example
Let's consider the five-dimensional commutative R-algebra
A, in which the non-zero products in the basis
{e,e 0,e 1,e 2,e 3} are given by: e = e,ee; = e,
ee 2 = %e_z — "?3 e3, ee3= "?3 e 2+ % e_3. A satisfies
(2), Wlth AU = (90 }J Al = {Q, 91} and B:(92,83>. In faCt, to
show that this algebra satisfies (2), we just need to show that
it satisfies the total linearization of (2). In this total
linearization, if four or five variables are replaced by e, then
equation (2) is satisfied throughout (1.1). All other
combinations show that each term cancels.
B. Polynomial 3t?—3t+ 1 admits

two roots Ay

andd, in F

Let's consider p(t) = —t(t — 1){t — A4 )(t — A3), in this
case, A=A, D A, D A.lq EBAAq , with

A_p = {xe Alex = p x}. The following theorem gives
relations between the Peirce components.

Theorem
Let A be an algebra defined by (2). Assume that

3t2 -3t +1 =3(t — 4,)(t— A,) in F[t]. Then the Peirce
decomposition of A is given by

A =AU @Al @ A{h $A.l1’
with 45 and 4, orthogonal
subalgebras, A 4, AZero
algebra, 44, C 4,

Alfl‘,{?_ c A.l,— (1=1,2) and
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A, A; = 0.Moreover, we have:
A,

L zZp(Wpyy,) +wp [Znyi?_) = ZI.}’AE (WoZo)
. =3
i zy (wyyy,) +wi(209:,) =(1 -3(4,) )J’Ai(“ﬁzﬂ
iii. yy (Wy,20) = 2o (y1wy,)
with A, the conjugate number of A, and y,,z.,w, are

respectively elements of A,, A, and A,.

Proof.
Then taking x=e, veA, and zeA_A in (1.2) we have

[3L3+ (124 —3¥)[2+ (—4A— 842 + 6w —3?)L e +
(A + 42 +228 — 4 + 697 — 3v%)](vz) = 0. (1.20)

Let's consider g_{w,A}(t) = —3t% + (124 — 3¥)t? +

Partially linearizing (1.2) gives (1.15).

Taking x=e, ve A_w, ze A; and we A_p in equation (1.15),
we have

Ry (w2) + 242 y(w2) + A y(wz) + 20 y(e(w2)) +

242 y(wz) + 24 y(e(wz)) + 2y(e(e(wz))) —

4p z(yw) — 8p? z(yw) — 44 w(yz) — Bpe(v(wz)) —

812 w(yz) — 81 e(y(wz)) — 8e(v(e(wz)) +

6w z(yw) + 12y z(e(yw)) + 6% w(yz) + 12pe (z(yw)) +

12Aw(e(yz)) + 122e(w(yz)) + 12 e (e[:y[wz)]) -

3vlz(yw) — 3w z(e(yw)) — 3z(e(e(yw))) — 3v* w(yz) —

3we(z(yw)) — 3e (z(e[yw}]) — 3y w(e(yz)) —

3ve(w(yz)) — 3e(e(z(yw))) —3w(e(e(y2))) —

3e(w(e(y7))) — 3e(e(w(yz))) = 0.

On the other hand, if we take A = p=0 andy = 4;, we

(—84% + 6w — 3v2 — 4A)t + A + A% + 22% — 4w + 6w — 3v’have

Taking w=l=1 i we have
qua()=—3t3+9t2 -9t +3=—3(t—1)3

and ged(p(t),q,,(6)) =t — 1.

Then, it gives 4; 4; € A;.

If ¥=4=0, then Goo(t) = —3t3 and

ged(p(t), qpp(t)) =t, and that leads to Agdy € Ay. For
¥=1and

A=0, we have g,,(t)=—3t*—3t>+3t —1. Since
G10(A;) =—24;+ 1% 0 (i=1,2) and 0, 1 are not roots of
q1,0(t), then ged(p(t),q,,(t)) =1, and finally 4,4, = 0.
Now, since 4; (i = 1,2) is the root of 3t? — 3t + 1, then we
have A;+A,=1, 44, =5 , 34 =31 -1
33 =24, — 1.

We shall use these equations to calculate gy, (t) when ¥ or
A equals 4; (i=1,2). Then, for ¥ = 0 and A = 4;, we have

Goz, = —3t% +124,t% — (124, — )t + =4, — 1 which
roots are different from 0, 1, and 4; (j # ). On the other
hand, we have gqq;.(4;)=0 ,, which
ged(p(t), go, (1)) = t — A, and

AgA;, € A;. Now let's consider ¥ =1 and 4 = 4;, we
have

and

leads to

17
i, (6) = —3t% + (122; — 3)t% + (—124, +5)t

—i—?.l,- — 2 which roots are different from 0, 1, and
A;(j > i). However, we have, gq;;(4;)=0, that means
ged(p(t), 414,()) = t — A, and

AjA(A) C Ay} . Setting ¥ =A4=4;, we can write
G2, 2,(t) = =363+ 92,7 + (=94, + )t + =4, — 2. The
roots of this last polynomial are different from 0, 1, A_land
Ay . Then, we have ged(p(t) g, ,.(t))=1 and then
Ay Ay, =0.

Let's consider ¥ = 4; and A = 4; (i # j). We can write

Qaa, (D) = =33 + (122, — 34, )t2 + (122, + 34, +

11 10

t+—A;, -2
3t T3

which roots are different from 0, 1, A_1 and A;. Then we
have ged(p(t),q_(4;4;)(t)) = 1, that means A; A; =0

i+ j).
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(34; — L)z(yw) + (34; — Dyw(yz) = 24; y(wz).
A;isarootof 3t — 3t + 1,

then we have 342 =31, — 1, A_id, = %, and the last
equation gives

z(yw) +w(yz) = 24,y(wz). Let's take A =p=1 and
¥ = A, it gives

zlyw)+w(yz)=(1— 3.?,3)31[14:2). Considering ¥ = 1,
A=0andp=4,

we have y(wz) = z(yw). Let's take v =y;,z=z; and
w = w, ineach case, we have the results of the theorem. O

Since

1]
Example

Let A be the five-dimensional algebra, whose non zero
products in the basics {e, &5, €4, 2,4, es] are given by

el =e, ee;,=e; el =g, e;e;=e;. This algebra
satisfies (2). In fact,

A= (eyezege5),  AP=(eyeges),  A*=(e5)

and A% = 0.

Example

Let A be the five-dimensional algebra, whose non zero
products in the basics {e, xy,vy,2;, w3 ] are given by

el =e, ey, =y,, ez; =Az;, ewy = Aw,, X,2; = z3},
vywyr = wy. To show that A satisfies (2), we need to show
that, regardless of how we replace the variables by elements
of the basis, the complete linearization of (2) is satisfied. If
four or five variables are replaced by e, equation (2) is
confident throughout (1.1). If three variables are replaced by
e, and the two others chosen between andwy, equation (2) is
satisfied throughout (1.21). If two variables are replaced by e,
each term cancels. Regardless of the combination of elements
in the basis that is used in the linearization of (2), each term
cancels, and (2) is trivially satisfied. Finally, A satisfies

identity (2).

Note: In the previous theorem, the subspaces
Jo={xe A/ x(A_1 + A7) =0},

Jo={xe A/ x(AA+A4A3)=0}, and J=Jg+], are

ideals of A. In fact, let's consider xe¢f; and we can
we

wri be 4; + 43 , have
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(xa)b = (xa,)b_A + (xay )by =0 by (). Then ], is an
ideal. Similarly, we demonstrate that it is an ideal of A.
Moreover, for all p.gedy, we have
z = (p?q)p — p*(gp)e J,. In fact, let's consider the F-linear
map (i=1,2), with u =21, Since
x5 (Vo2a, + Yo (xp21,) = W(xg¥)zz, that means
SuoSyo + Sy Sx, = Sy, the map §;: Ag — Endg(4;),
?_]+. Then
S; is a morphism of algebras. Its  kernel
Jo, = KerS; = {xq€A, [ A;, = 0} is an ideal of 4y . We can
easily see that it is an ideal as an intersection of ideals. Since
the kernel of the algebra morphism of 4, into the special

xg — 2§, satisfies being the product in End (4

Jordan algebra End(fl{l?_r,then z=(p*q)p—p*(gp)isan
element of /; (i=1,2), that means z is also an element of /.

III. IDENTITY (3)

Now, we study the algebra defined by identity (3). Let's
take x=e in (3), we have (4L% — 8L% + 51% — L_e)(v) = 0.
Let's consider
p(t) = 4t* —8t3 +5t2 —t = t(t — 1)(2t — 1)2.

Then, the Peirce decomposition of A is
A=A, ®B, @ Ay, with
B, ={xeA ] (2L,—1I)* (x) = 0}. Define the following
subspaces:

Ci={y / 3xeB,y=(2L,~ N(x)}and

Ar={xeA [ ex =%x}.We have €1 © A1 € B,.
Theorem
Let A be an algebra satisfying (3). Then we have

A=A, B, 4, , with 45 et A; being orthogonal
subspaces, A8, C Bz , A44B,CBy, , AjdiC A1
2 2

A A:;A:L,A C:l C:l A C_ —CC:l, AiC1=0,

BZC:L c C:L,A:l C Ag +A1 +A1,A132 C 4, +A1 + 4,4,
3232 CAU-O-BE + 4.

Proof.
By partially linearizing (3), we have

—ay((xz)x? + 5z(yx*) + 5x(v(2x?)) + 10x (v (x(x2))) —
9z(x(yx2))— 9x(z(yx2)) — 18x(x(y(x2))) + 4z (x(x(xy))) +
4 (z(x(xy)) +4x (x(z(xy))) + 4x (x(x (2))) + 2((y0)x*) +
x((vz)x®) + 2x((xy)(x2)) + 2(x2) (vx?) + 232 (y(x2)) —
(vz)x® — (y2)(zx?) — 2(yx)(x(x2)) = 0. (2.1)

Taking x=e in equation (2.1), we have

—4y(e(ez)) + 5z(ey) + 5e(y(ez)) + 10e ( f[e[ez))) -
8z(e(ey)) — 9e(z(ey)) — 18e (e(y[ez)]) +4z (e(e[ey)]) +
4e(z(e(ey)) + 4e(e(z(ey))) + 4e(e(e(zy))) + e(e(vz)) +
29([9}!)[93)) + (ez)(ye) + 28[:31(92)] —e(yz) —
2(ey)(e(ez)) = 0,

that gives

(413 + 12 — L )(vz) + [E[—18y(ez) + 4z(ey)] +

L [5y(ez)+ 10y(e(ez)) —9z(ey) + 4z(e(ey)) +
2(ey)(ez) + 2y(ez)] — 4y(e(ez)) + z[4L} — 8L; + 5L,](¥)
+(ey)(ez) — 2(ey)(e(ez)) = 0.(2.2)
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Now take ye A; and zed , in (2.2), we can write

[4L% + (1 —18p + 45 + (—1+ 7p+ 10p* — 94 + 44% +
2Ap)L, + (—4p® + Ap— Ap? + 42° — 847 + 5A)](yz) = 0.

Let's set

Qap(t) =43+ (1 —18p+ 40)t° 4+ (-1 4+ 7p+
10p% — 94 + 447 + 22)t — 4p? +

w—Ap? +44* — 842 + 51

ForA = p=1, we have q,,(t) = 4t*—13t> + 13t — 4.
That gives ged(p(t), gy, (t)) =t — 1, otherwise

ForA =1 and p = 0, we have
q0(t) = 4¢3+ 5t% — 6t + 1 and ged(p(t), g10(t)) = 1,
that means, A;4; = 0. If A = p= 0, we have

Goo(t) = 4t + 2 — t and ged(p(t), goo(t)) = t, this

leads to Agdy € Aj.
Let's consider u = ey — 2 5V, with ye B;. Then we have

eu—%u, ey=—y—|—u , e[ey}——y—l—u

e(e(ey)) == y + u Taking zeA;, equation (2.2) becomes

) 1
[413 + (3 — 18112 + (—§+3,1+ 10,12)Lg +1452-5#](y2) +
[4L% + (24 — B)L, + (—24% + )] (zu) = 0.

If A = 0 and u = 0, that means z€ A and ye A, then the
last equation can be written ’
(413 +312— 2L, + 1)(yz) = 0. Setting
g(t) = 4¢3 +3r;2 ——r.-+ 1 =—[2t —1)(4t* + 5t — 2), we
have ged(p(t).q (t)) = 2t — 1 which means yze Az then
Ay A% c A%

If A = 0 and u # 0 which means zed, and ve B, then we
have (413 +3L%— > L+ 1)(vz) + (413 — 5L,)(zu) = 0.
Since uECa and Z'HEA:L the last equation becomes
= [ZL — 1)(4L2 + 5L —2D(yz) =
2 B> € B..

—Z'H Then we have

If A =1 and u = 0, that means, zed; and ye A1, and we

can write
(413 — 1512+ 2L, — 2 1)(yz) = 0.
Let's set

27 7
t)=4t* —15t2 4+ —t——=
q(t) tot—3

1
3 (2t —1)(4t2 — 13t + 7)

we have ged(p(t), q(t)) = 2t — 1.
Then yze Aa gives A Aa A1

If 2=1 andu #+ 0, that means
zeA and ye B;then
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we have
(4L — 1512 + ‘1 ——I}(yz} + (412 — 3L, — 1)(zu) =
0

. Since uEC: and zue Az this last equation gives

—{ZL e— 1){4.{.2 - 13.{. +71)(yz) = —zu which means

vze B,, and finally

Now let's take v, ze B and set u = ey — ; vy and

v = ez —%z. We can write eu = ;}u, ey = ;y +u,

e(ey)) = %J’ +u,e(e(ey))) = %y + ;u. In the same way,
we have ev = %v, ez%z + v,

e(ez)) = %Z +v,e(e(ez))) = %}z + ;v .
(2.2), we have

Using this in

9
(413 — 6L, + 2L,)(vz) + (—181% + 18L, — EJ){yv} +

(412 — 4L,)(zw) + (2L, — D(uv) = 0,

which means
2L,(2L, — (L, — D(yz) — 2 (2L, — D?(yv) +
4L, (L, — N(zu) + (2L, — D(uv) = 0. (2.3)

In the following part of the proof, we shall note
x; (ie [U,;, 1}) the component of an element x in A with

regard to subspaces A_A and x5 the component in B5.

Ifu = v = 0, that means v, ze A, then (2.3) becomes

2L (2L, — (L, —I)(yz) = 0. Then we have
vzeAy+ A1+ Ay, whichmeans 4141 € A5+ 41 + 4.

Ifu = 0 and v # 0, that means veA: and ze B,, then (2.3)
gives ’

2L,(L,— (2L, — )(yz) — 2 (2L, — D*(yv) = 0. Let's
set yz = (vz)y + (vz); + (vz),. Since yv e Ay + Az + A4,
taking yv = (yv)y + (yv): + (yv), the last equatio;1
gives% (2L, — D((yz);) —2 [(vv)y+ (yv),] = 0, because
(2L, — I((yz),)e Cs. Then we have

(2L, — D((yvz)) = Eyv)u = (yv), = 0. Because of,

(yv)_0 = (yv), = 0, we can write yve Aa that is,
ASLC:[ An From (2L, — I({(yz);) = 0, we can write
(yz}z {yz)g which means, 418, € Ag+ A1+ 4.

On the other hand, taking ¥ = 0 and u # 0in (2.3), we have
2L (2L, — N(L,—I)(yz) — zu = 0. Since
vz e Ay+ A1+ A, we can write zu = 0. Then, we have

AiC1=0.

Ifu # 0 and v # 0, (2.3) can be written
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S@L, ~D0, ~310v)o + ()] — @)z = 0.
Otherwise = {ZL —1}{{3!2)2) (zu)z and

(yv), = {'_yv}l = 0. Equation (yv), = (yv),; = 0 leads to
vve Ai that means C1 B, © A1 But

%(ZLE —{(yz); = (zu): gives (zu): € C1and finally, we

Products of three factors are given in the following
proposition.

Proposition

Let A be an algebra defined by identity (3). Then we have

i. (zg¥o)xs =z (¥px1) + yo(Zpx1)
ii. (zyy )1 = z3(y1x2) + y1(212x1)

iii. [xz (J’izn )] = [3’1 (xszu)]
2 2 1 2 2 1
iv. [xz (J’izn )] = [3’1 (xszu)]
2 2 1 2 2 1
= [z ()], =[5 sz
z z % z \ 2 %
vi. Zg (xzyz) = [xs (J’lzo) + 1 (xzzo )]
2 2/ 2 %z 2\ oz i
Vi, [xs (3’131 )] = [3’1 (xsz1)]
2 2 1 2 2 1
Viil. [xg (ygzl )] = [}1'3 (xgzl)]
z Wz % z\ oz %
ix.zy (xzyz) =2 [xs (3’121 )] =2 [3'1 (xlzl )] -
2 2/ 2 2 1 2 2 1

Proof.
Partially linearizing (2.1), it gives

—4y((wz)x?) — 8y((aw)(x2)) + 5z(y(wx?)) + 10z (y(x{m}])
+5w(y(zx%)) + 10x(y(z(xw))) + 10w(y(x(x2))) + 10x (y(w{xz)))
F10x(y (x(w2)) — 92(w(y?)) — 182(x(y (xw))) — MW (z(yx?)))
—18x (z{y(m))) — 18w (x(y{xz})) —18x (w(y{xz})) -
18x (x{y{wz))) +4z (w(x{xy}]) +4z (x(w{xy}]) +

4z (x{x{wy}]) + 4w (z(x{xy}]) + 4x (z{w{xy}]) +

4x (z(x[yw))) + 4w x{z{xy}]) + 4x (w{z{xy}]) +

4x (x{z{wy))) + 4w x(x{zy))) + 4x (w{x{zy}]) +

4x (x(w{zy}]) + z((wy)x?) + 2z((xy) ew) ) + w((vz)x?) +
Zx((yz) (:\'w)) + Zw((xy)[xz)) + Zx((wy)[xz)) + Zx([xy)[wz)) +

2(wz)(yx?) + 4(x2) (v(wx)) + 4(ow) (v(xz)) + 2x2(y(wz)) —
(y2)(wx?) — 2(yz) (x(xw)) — (vw)(zx?) — 2(vx) (z(xw)) —
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2(yw)(x(xz)) — 2(yx)(w(xz)) — 2(yx)(x(wz)) =
(3.4)
Let's consider x=e, y€A,, ze4; and we A1 (3.4), we have

5 5
—2y(wz)— 44 y(wz) + Ez(wy} + Ez{wy) + 548, ,w(vz) +

5 5
> y(wz) + 102%w(yz) + 51 y(wz) + > v(wz) — 9y z(wy)
- gz{wy} — 9%, w(yz) — gz{wy) — 18426, ;w(yz)-
948, ,w(yz)— gy(wz) + 4¥? z(wy) + 2 ¥ z(wy) +
z(wy) + #5268, ,w(yz) + 2% z(wy) + z(wy) +

4x 6,5 w(yz) + 2% 6, w(yz) + z(wy) + 4¥2 8, w(yz) +

1
2v6, w(vz) + 6,,w(yz) + Ez{wy} +vz(wy) + w6, w(vz) +

1
2 O, aw(yvze) + 2vA8, w(yz) + A z(wy) + v y(wz) +

2% y(wz) 4+ 22z(wy) + y(wz) + 248, ,w(yz) —
1 1
2 6,2w(y2) — 58, 3w(yz) — A 2(wy) — v y(wz) —

22%z(wy) — 2"&1 v(wz) —wy(wz) =0,

that gives after simplifying

1
(_E +A—2¥i+ ".r) viwz) +

1
(_E +20— 22 — 4 + 4wz)z{wy} +
(1072 — 10%6, , + 36, )w(y2), (3.5)

in which & ; equals 1 if v = A and 0 if not.

Taking ¥ = A = 0, in (3.5), we have

v(zw) + z(vw) = w(vz). In the same way, let's consider
¥=A=0in

(3.5), we have v(wz) + z(wy) = w(vz). On the other hand,
considering¥ = 1 et A = 0, it gives ¥({wz) = z(wy). In
each case, let's note y = ¥, z = z; and $w = wx, the result

1) follows.

Now let's consider x=e, ye 4; with A= 0,1, and w, zeA1.
Write wz = (wz)g + (wz)1 + (wz), |
w(y2) = W2lo + W2l + Wy,

z(wy) = [z(wy)]o + [z(wy)]: + [z2(wy)],,

v(wz) = y(wz); + y(wz)% . quing these equations in (3.4),

we have

—23’{“»'2)% —4Ad y(wz), — ZJ’fWZ),{ - 23’{“’2)1 +- [Z (wy)ls +

5 5

2 [eCury)ls + 3 2wy + 5 [zCory)o +
b

5 5 5

3 [z(wy)]1 + 3 [z(wy)]; + 3 [w(yz)ls+
b

5 5

> [w(yz)] % + 3 [w(yz)], + 5Ay(wz); +

5 5 5

3 J’{WZ)% + 3 [w(yz)l, + 3 [W{J’Z)]% +

; [wivz)], + 5Ay(wz); + ;y{wz}% + ;y{wz)% +
10A%y(wz); — 9A[z(wy)], — 9A[z(wy)] 1- 9ALz(wy)], —
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SEylo =5 ]| =5 [nl,

—oA[w(v2)lo — AWyl ~ AW ()], — 3 L2 w3 —
oLzl — 5 WO2o — 5 (vl —3 Bl -

Sl — w2, — 187 ywa); — S ywa)y +
2[z(wy)]y + 2A[w(yz)]g + 2A[w(yz)]1 + 2A[w(y2)], +
22wl + AW+ bl +

Aw(yvz)]y + [wlvz)y + [w(yz)] 1 + [w(yz)], +

o)y + 200, + 44w ], + 5 o +
S L+ 5 00, + 2Lzl + ALl +
A+ 3 2o +5 WO +5 ], +
SO+ WDl + AWl + AWl +

A, + 5 0]y + L+ 22y W)y +
Ay(wz)1+ 24 y(wz), + 24 y(wz)1 + [z(wy)]y +

z 2
[z(wy)] % + [z2(wy)]; + 24 y(wz); + y{wz)% + [w(yz)], +

2]z + 2l — 5 Ol — 5 Wl — 5 Wl -
2 2

Sl —5 WOl — 5 02— 5 Wl

2 LeCwy)ly 5 [awy)ly — A y(wa); — Ay(w)y -
2 2

S Bl — 3 0] — 5 2],

—Ayv(wz); —Ay(wz)1— A y(wz)1— 24 y(wz), =0,
z z

that gives after simplifying

—64 y(wz); + (=2 + 122 — 64%)y(wz); + (2 — 8+ 62%)[z(wy)], +
(=1-42 + 429 [z2(wy)]1 + (-4 — 22 + 429) [z(wy)], + (2—- 62 +
2

3 [w(yz)]g+ (1 - 42+ 42)[w(yz)]s+ (4 - 21 + 443 [w(yz)], = 0.
)
Take ved,, that means A = 0 in (2.6), we have

[z(wy)]; = w(y2)ly, [2(wy) + w(y2)], = y(wz), and
[w(yz)] 1= [z(wy)] 1

If veA,, which means 4 = 1 in (2.6), we can write
[w[yz}]z = [z{wy}]z We also have

sfw(y2)], = y(wa), + [20wy)],. @7)

Since w, ze A1, switching w and z in (2.7), we have
3[z(wy)]; = y(wz); + [w(yz)];.(2.8)

The sum of (2.7) and (2.8) gives, after simplifying.

[z(wy) + w(yz)]; = y(wz):. 2.9)

Using (2.9) in (2.7) gives
[w(yz)], = [2(wy)];. Then,
(2.9) can be written.

y(wz), = 2[w(yz)]; = 2[z(
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Let's consider v = ¥3,%z = z; and w = wx in each case, that
2

gives result 2).

Example

Let's consider the five-dimensional commutative R-algebra
A in which the non-zero products in the basics
{ €1,85,85,64,85} are given by
el =e,, eje; =ey,el =e 4, eje;=es. Then A satisfies
(3), but is not a power associative algebra. In fact, we have
ef # (ef)?, A= (e;,e3,e5.€5)
A% = (eg,e4e:), A*={es)and

A® = 0.In the complete linearization, each term cancels,
then A satisfies (3).
Example

Let's consider the five-dimensional commutative R-algebra
A in which the non-zero products in the basis {e, a1,a5} is

given by
e? =e, ea, = a., ea:=-a..
If 4 or 5 variables are replaced by e, equation (3) is

satisfied. In all other cases, each term cancels. Then, A
satisfies (3).
Remark

An algebra defined by (3) does not necessarily contain any
idempotents. It is well known that the two-dimensional
algebra of J. M. Osborn has non-zero products in the basis
{s,t}is given by
si=5+ %t, st = %t, does not contain any idempotents.

However, it satisfies (3).

Note
Following A. A. Albert's study, we can introduce it for all.

x; € A3 (A€{0,1}), the F linear map

Sy tAi— A1, Yy 4 (A=101). Since
(v i)xl = x;(yixi ) +qy 2 (3 x1), which means,
Sy Sy, —i-j.S'yt_l.'S'JL.R =j5'x33’,1 , | the  following  map
S 4 — EndF(A%), x> 25, satisfies

. . 1

Sa(x3y2) = 5;(x3) * §;(y2), in which f * g == (fg + gf)
+

defines the product in Endg (Ai ) . That is, §;1s a morphism

of algebras, whose kernel
J1 = kerS; = {x;€ A;|x; 41 = 0} is an ideal of 4;.

Since J;is the kernel of a morphism of algebras, of 4; into
+
the special Jordan algebra Endg (Ai ) , then
z=(p*q.ple];, (A=0,1), with (--) being the
associator.
IV. IDENTITY (4)

In this section, A is an algebra defined by (4). Taking x=e in
(4), we have

[Lo(Le—D(BLE —3L,+D]() =0,

with yeA. Let's consider the polynomial
p(t) = t(t — 1)(3t2 -3t + 1).
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The following lemma is well-known

Lemma

Let A be an algebra over a field F such that every subfield
of the centralizer of A is contained in F and let's consider r an
element of F which is not a square in F. Then, if A is simple,
so is it for A; , in which L=F(k), with k such that k? = re F.

We shall use the extension of the field F if necessary, and
assume that p(t) = t(t — 1)(t — A)(t — A); Then the Peirce
decomposition of A is
A=A,D A, D 4; D 437.

Following the study of subsection (1.2), we easily establish
this theorem

Theorem

Let A be an algebra defined by (4) over a suitable
extension of F. Then the Peirce decomposition of A, relative
to idempotent e is A = 4, b A, €& 4; b Ay, with 4, and
Ay being orthogonal
subalgebras, A4, =434 =44 =0 and
AAe A, (i=0,1,pe {A4,1}). Moreover, we have

i yelzowy) = zo(ewy) = EWA (VoZo).
il. yo(2owg = 2o (Vpwr) = Awz(¥VoZp).
i yy (zywy) = 2, (nwy) = G wy(042y),
vy (zywy ) = 2, (ywy) = dwi(y,z,), with
_ 1 NG
6= - (19 —iy3)

v. Yo(z1wz) = ¥ 2, (VW)
vi. ¥o(zywy) = ¥z, (yywy), with ¥ = —% (1 —1v/3).

V. CONCLUSION

The study of these degree 5 identities, conducted in the
presence of an idempotent, allowed us to determine the
relationships between the Peirce components. In each case,
we were able to find two orthogonal subalgebras. We also
managed to define, in each case, a homomorphism on one of
the subspaces of the algebra A, whose kernel is an ideal of A.
These results allow us to consider further study of these
identities when dealing with nil-algebras or baric algebras, as

in ([3]) and ([4]).
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