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Abstract: The aim of this article is the creation of new
Mathematical beings: The positive integers Modulo 1/n. | hope
that they will be used by all the scientific community in general
and the computer scientists (cryptographers) particularly. In the
other hand, the paper contributes to enlarge the field of number
theory and algebraic sets. In this paper, | present a new type of

1
congruences on IN: the congruences modulo H and The Sets of

1
positive integers modulo H denoted respectively E[T]T] and

1
IN, nemn

The Work is divided into two Sections:
Section A: It's composed of:
= Afundamental Theorem (With Proof)
= A fundamental relation of equivalence on IN denoted

_[1
=[]
init IN: o e 1N i
= The definition of the sets n» N € IN" (with examples)
= The definition of the binary operations * and 4 on IN

- - 1
* The definition of the binary operations *andA on IN ns N

e IN”
= The presentation of the semi-groups (IN; *); (IN; 4); (

1 - 1 -
|Nn ;*);(an ; A)
Section B: It's Composed of an Appendice with:
1) The definition and graph of the function: r: IN" — IN"

x> noWhere ng is the rank of x.
11) The definition and graph of the function: f: IN* — IN”

1
n {100”J

Keywords: Congruences Modulo, Positive integers Modulo,
Integer Part, Partition, Equivalence Classes, Rank, Amplitude,
Semi-group

I. INTRODUCTION

In this paper, | present two Concepts:

1. The Congruence modulo % (n =IN") defined on IN

as follows:
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VX,yeIN:xEy[%]@H!meIN:{X“J:

1 1 1
y™ |, where | x" | and | y" |are the integer

1 1
Parts of respectively x"and y" It's obviously

an equivalence binary operation on IN (nis a
fixed non-zero positive integer)

2. The positive integer modulo % denoted m

for every Positive Integer m (m e IN ) defined

1
as follows: ﬁ:{XGIN:{X”J: m}

In fact, m is an equivalence classes of the

congruence modulo %defined above, therefore:

IN= [ Jm

melN

the Set{ m , m e IN Ydenoted IN; is called the

Set of positive integers modulo %
Each positive integer x of m is called a
component of the positive integer modulo% m

= The number of components of m is called the
amplitude of m and denoted Hﬁ”l
n

= Moreover, Every positive integer x of IN has a
rank no defined as the least non-zero positive

integer Such that: ¥n >n, :x elof IN,

foreword:
= In this paper, | present two new concepts on the
set IN of the positive integers:

The congruence modulo % and the positive

integers modulo%, for a fixed non-zero positive

integer n.
= | hope that large people of the
mathematics and computer
science community will take
bene fit reading it
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New Concepts of Congruences Modulo

= May god, almighty, reward me for this work which
contributes for the progress of mathematics in general
and number theory in particular

Section A
A fundamental Theorem:
Let n be a fixed non-zero positive integer (n < IN") for
every positive integer x there exists a unique positive integer

m such that: m" <x<(m+1)" ie: VX € IN AMe IN:mn
<xX<(m+1)"
Proof:

Let's consider the set Sn ={u"<x ,ucIN*}
Remark:

i and Positive Integers Modulol
n

N

. Sn # ¢ because 0"=0and 0 < X (x <1)

" Sn is upper bounded by Construction
(vyeS,:y<x)

Therefore, there exists in Sy a unique greatest element m".
Then: m"<x<(m+1)"

m is the greatest positive integer which power n is less than
or equal to x.

(m+1) is the Least positive integer which power is greater
than x.

n
ie: VUSM:U <X and vw<(m+1):x<V"

1 1

[m" <x<(m+1)"]<=[m <x" < m+1]and [m <xP < m-+1] @[{XHJ= m Jwhere LXnJis the integer

1
part of x "

According to the remark, the fundamental theorem can be written as follows:
Let n be a fixed non-zero positive integer (n <IN”) for every positive integer x, there exists a unique

1

positive integer m such that an J (for n=1, xi = X[ x | =xx" < x < (x+1)")

Special case: n=2. if n=2 we can state for every positive integer x, there exists a unique positive integer

1
m such that m? < x < (m + 1)>or m<x? <m+1ie:

1
X% |=m

4 1
Note that: [m? < x < (m+1)*] = [M<x? <m+1] = HXZJ = m}

A fundamental equivalence relation on IN:

Let's consider the relation denoted = l%
n is a fixed non-zero positive integer(neIN®).

J defined on IN by: U EvL%J@ ImelIN :LU%J :LV%JWhere

This relation is by definition on equivalence relation which equivalence classes m are defined by:

a:{xEm;{X%J:m}

The classes m/melN form a partition of IN

Each classes m is composed of a finite number of positive Integers U:
Ut |=m:ie Fke IN": card(m) =k

Terminology: Let's call:

=) = the congruence module % (% the module of =)

1

=) the Set ﬁz{x eIN Z[XHJ= m} the integer m modulo %

=) X is a component of m

*) ¥ Miman Will be denoted INf] for a fixed non-zero positive integer n (neIN”).

IN' ={0,120.rccce o
Let's examine the case n = 2:
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the congruence modulo % is defined as follows: VU,V e IN: U EV[%]<:> ImelN :|_U%J: \_V%j: m

ﬁz{Xe IN Z|_X%J= m}

Examples:

- {xeIN:|x} |=0}=(0}

0 is the unique component of o
1={xelIN :\_xéjzl}:{l;z;IS}

1;2;3 are the three components of1

2 —{xelN: \_xﬂ: 2}={4:5:6;7:8}
4:5;6;7;8 are the five components of 2

INy ={0;L 2}
Each element of IN; is a positive integer modulo% is infinite

Each positive integer modulo% m has a finite number of components equal to the number of positive

integers of the interval [m2, (m+1)?[= 2m + 1 because card ([m?, (m+1)?[) =2m+1.

Now here are some examples of positive integers modulo% m and their 2m+ 1 components
0=9{0} (1 component: 1 = 2(0)+1)

1={1;2;3} (3 components; 3=2(1)+1)

2={4;5;6;7;8} (5 components, 5=2(2)+1)

3={9;10;11;12;13;14;15} (7 components; 7=2(3)+1)

4={6;17;18;19;20,21,24;23;24} (19 components 9 =2(4)+1)

Each component x of m satisfy: m? < x <(m+1)2 or: X7 |=m

Note that IN; ={0:1;2:........ m}wherem={x e IN: m <x<m + 1}

Then: 0={0}; 1={1}; 2={2}; ........... ; m={m}

The relation = is the equality on IN ie U= V[%] U=V

Proposition (1): givenn e IN”

for every non-zero positive integer x there exists a unique non-zero positive integer no such that: x is a
component of 10f INifor all values of n greater than or equal to n: ie: VN 2 n : X elof IN%]

Proof:
The proof of this proposition calls upon the Following property:
For Every Non-Zero Positive Integer X There Exists A Unique Non-Zero Positive Integer No Such

n
That: X<2°

U, AU
Proof: Let's consider the set Sy ={2 :2° <X:UelN}
=) Sx=@ because 2°=1<x (x>1)

= ) Sx is upper bounded by construction (VY €S, .Y <X), therefore there exists a unique greatest

element of Sx ie; there exists a unique non-zero integer m Such that, 2™ < x and for all k<m we have
2k<x
That means that 2™ is greater than x ie: 1< x <2
Let's put m+1=ng; then m=no— 1

m+1

n
2 ° is the least power of 2 greater than x.

ny-L
2" is the greatest power of 2 least than or equal to X
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N

je:Vn>n :1<x<2"

(1<x<2") o (1<x <2) @(inle)Q (x c1of IN')
Note that x = 0 is the unique component of 0 of IN, (n IN") because vn e IN’ :LoiJ —0" =0

ie: Vn e IN :0€0of IN
Examples:
1) x=10:2"<10<2" ¥n>4:10<2" no=4,vn>4:10€l of IN'

2) x=100:2° <100<2" ¥n>7:100<2" no=7,¥n>7:10€l of IN}
3) x=1000:2 <1000 <2",¥n>10:1000 < 2", n = 10,¥n >10:1000 €1 of IN}

Rank of a non-zero positive integer:

According to the property: VX € IN*,EI!nO eIN" :Vn> N, X< 2"
Let's call no the rank of the non-zero positive integer X: no = r(x).
vn>n, :xelof IN:

Remark: vn  IN*: 0" =L0%J =0
therefore VN € IN":0 € 0of IN?, 0 has no rank (r(0) does not exist)
Finally, the rank no of the non-zero positive integer x
(X€IN ) is the least non-zero positive integer no
n,-1 n . . .
satisfying: 2" <X <2 ° note that the interval [2™ ;2™ [ of IN"can contain more than one element: they

ng-1 n
have all the same rank no. ie: VX:2 " <X <2°.r(x) =no

Examples :
“[2° 2 =[1.2[ = {1}
nn=r(l)=1

“[2, 2°[=[2,4[ = {2,3}
no=r2)=r(3)=2
" [2%, 2%[ = [4,8] = {4,5,6,7}
no=3=r(4)=r(5) =r(6) =r(7)
" [28, 2*[ = [8,16] = {8,9,10,11,12,13,14,15}
no =r(8) =r(9) =r(10) = r(11) = r(12) =r(13) = r(14) =r(15) =4
= The intervals [2i 2i+1[/ ieIN forma partition of IN*
Proposition (02):

For every non-zero positive integer x there exists k positive integers modulo %

m distinct of 1 where x is one of their components (K< no).
Meaning that x is one of the components of 1 of IN?1 forall n: n>no.

Proof :
= We know that for every non-zero positive integer x there exists a unique non-zero positive Integer no

such that: Vn=n,:X elof INi
In the other hand, the functionf : {1;2;3;4; ........ N, —1}—) IN".

-l
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for a fixed Value of the non-zero positive integer x : x > 2is a decreasing function,
therefore : for all non-zero positive integers n such that n < ngwe have \_X%J> LX%J since LXJOJ -1

then vn<n, Z|_X%J>l

Card {1;2;3;.... ;no-1}=no-1, therefore there exists at most no-1 positive integers modulo% ,m
distinct of 1 where x is one of their components
1
ifx=1 wvn>1:1"<1<2"=1<1" <2
1
i
x el of |N%]
K=0=no—1 (no=1)
Examples:
x =10
n=1 n=2 n=3
10t<10<11t | 32<10<4? 22<10<3®
1 1 1
10<10! <11 3<10%<4 2<10° <3
1 1 1
[101] =10 [102]=3 [10°]=2
x 10 of IN] | xe30f IN; | xe2of IN;
1
vn>4:1" <10 <2"then 1<10" < 2 then
[107]=1
x =100
n=1 n=2 n=3 n=4 n=>5 n==6
1001 <100 <101t | 102<100<11%2 | 4°<100<5% | 3*<100<4* | 2°<100<3° | 2°<100< 3°
1 1 1 1 1 1
100 <100* <101 10<10% <11 4<10°<5 | 3<100* <4 | 2<100°<3 | 2<100° <3
1 1 1 1 1 1
[1001] =100 [102]=10 [10°]=4 | [100*]=3 | [100°]=2 | [100°]=2
x <100 of IN} | xc10 of IN; | xed of IN; | xc30of IN; | xe2 of IN; | xe2of INg
) 10 1 T:I].
Since: 2 >1000 then wn=>7:1" <100 < 2" then 1<1000" <2 then [1000 ]:1
xelof INL:ng=7;K=5<n-1=7-1
x = 1000
n=1 n=2 n=3 n=4 n=5
1000'<1000<1001' | 31%< 1000 < 322 10%< 1000 < 113 54< 1000 < 6% 3°< 1000 < 4°
1 1 1 1 1
1000 <1000 <1001 | 31<10002 <32 | 10<1000° <11 5<1000* <6 3<1000° < 4
1 1 1 1 1
[10001] =1000 [10002] =31 [1000°] =10 [1000%]=5 [1000°] =3
x 1000 of IN; xe31 of IN; x <10 of IN; x <5 of IN; x <3 of INg
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1
n

n==6 n=17 n=38 n=9
3%< 1000 < 45 27< 1000 < 3’ 28< 1000 < 38 2°< 1000 < 3°
3<1000% <4 2<1000% <3 2<1OOOé <3 2<1000é <3
[1000%] =3 [1000%] =2 [1000%] =2 [10005] =2
x 3 of IN} xe2 of IN} x <2 of INg x <2 of IN;

10 1 &
Since: 2 >1000 then wn >10:1" <1000 <2" then 1<1000" < 2 then [1000”]:1
xelof INL;ne=10;K=6<np-1=10-1

Amplitude of a positive integer modulo% .ne IN”

Let's remind that:
_ 1
VmeIN:m:{XEIN:[X”]:m}:{XEIN:mn SXS(m+1)}

x is called a component of m
Definition and notation:

The number of components of the positive integer modulo %
m s called the amplitude of mand denoted: Hﬁul :
n

Examples:
Forn=1

Hﬁ”l =1because m={m}. m is the unique component of m
1
Forn=2

m= {XEIN:LX%J =m}={xeIN:m’<x < (m + 1)*}

Card(m) = Card[m? ; (m + 1)’[ =2m + 1, then HEHl =2m+1
2

let's calculate M% M%

1
= in |N§, i:{XE|NZ[X3J=1}:{XE|NZ12SX<22}:{1;2;3;4;5;6;7} ; Card(1) =7

Therefore Ml: 7
3

1
= in |Ni, 1= {XeIN:tX4J=1}= {xeIN: 1*<x<2"1={1;2:3;4;5;.......... ; 15} ; Card(1) =15
Therefore Ml: 15
4

Question: How can we define a binary operation on | N2 ?

Answer: To define a binary operation on | NI compatible with the congruence modulo % (=)

That means that * and =must satisfy:
VXyixiy e INifi(x=yfi] and x = y[1]) then (ocxx) = (y*y)2])
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This compatibility allows us to define the binary operation * on N2 as follows:

Vv x;y e IN: x*y= (x*y)
In that case;

= if * is commutative on IN, then * is commutative on VN
= if * is associative on IN, then * is associative on 1N%
= if e is the unit element of * on IN, then € is the unit element of * on 1Nk
= if 0 is the zero element of * on IN, then 0 is the zero element of * on INn
- if X is the inverse element of x on IN (iex* X'= X'*x= e),
then x"is the inverse element of xon TN (ie x" *x=x* x"=¢)
so: all the problem is to find a binary operation on IN that is compatible with the congruence modulo
1

n

Two Examples of Binary Opérations on IN Compatible with the Congruence Modulo %

1) Let's consider on IN the binary operations * defined as follows;
VXx;yelIN:x*y= LX%J+ Ly%J

1
where Lx%Jand Ly%J are respectively the integer part of X" and y%

this operation is compatible with the congruence modulo % because:

U;V;U ;VelNif:U= U'[%] and VEV'[%]then U*V=U*VT]]
Proof:
U*V= {U%J+ LV%J; since U= U'[%] and VEV'[%]

means that: {U%J = [U'%J and {V%J = [V'%J

therefore U * V = {U%J+ LV%J=[U’%J+LV%J =U'+V'
ie: (U=V) = (U*V) thus: (U*V)=(U'*V/)

* is then compatible with the congruence modulo%

2) Similarly: Let's consider the binary operation A defined on IN as follows:
1

VX y X,y elIN:xAy= LXHJX {y%J
As for *, A is compatible with the congruence modulo %on IN

ie;U;V; U :VelN,if:U=s U’[%] and VEV'[%] then UAV = U'AV'[2]
Note that both * and A are associative and commutative.

Consequence: construction of two binary operation associative and commutative on |N%l
Since * and A are two binary operations associative and commutative on IN compatible with the

< - 1
congruence modulo %* and A defined on |Nn as follows:

vm;m' e IN:m*m’ =(m*m’) and vm;m’ e IN:mAm' = (mAm’
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N

Are two binary operations associative and commutative on | N%,

Remark: both A and A are distributive with respect to respectively * and *on respectively IN and | N%]
VX;y;Z2elN:xA(y*2)=(XAy)*(XAy)and (YA Z)*X=(Yy *X) A (z*X)
and
VU;V:WelIN: ua(V*w)=(UaVv)*(Uaw)and (Vaw)*U=(V*U)A(W*U)
: 1 2 1 -
The semi-groups (IN; *), (IN ; A) , (an;*) ; (an;A)
both * and A are associative and commutative
= neither * nore A have a unit element
= *has no zero element
_ [lex[oﬁJ _ LxﬁJXO =0
= A have 0 as zero element because: V' x e IN: x A 0
so: (IN ; *) is a commutative semi-group without unit element and without zero element
(IN'; A) is a commutative semi-group with 0 as zero element and without unit element

both * and A are associative and commutative neither * nore A have a unit element

A has 0as zero element because: V U e |N%, T UA0=0
1-). . . i : .
So: (I Nn;*) Is a commutative semi-group without a unit element and without a zero element
1 —). : : I . :
(I N A) IS a commutative semi-group with 0 as a zero element and without a unit element

two subsets of (IN; A) and (I Ni;Z)

_ A 0 1
= Let's consider ({0;1};A) there is the table of A: 0 0 0
as shown on the table: 1 0 1

0 is the zero element

1 is the unit element

moreover A is commutative and associative so: ({0; 1}; A) is a commutative semi-group with zero
element 0 and with unit ellement 1

= Let's consider ({61} K) there is the table of A :
As shown on the table:

0is the zero element

Rijol|D>|

oljol|ol
[l N K=A01 ]

1is the unit element

moreover A is commutative and associative so : ({0;1} K) is a semi-group with zero element o and
with unit element 1

note that {0 ; 1} is not closed under * because: 1*1=2¢{0 ; 1}
and {0 ; 1} is not closed under * because: 1*1=2¢{0 ; 1}

Definition of both * and A on IN for n = 2 and both * and A on IN}
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premcr s bl omcone [
vu;veuN:U*\—Fu*v{uJ { JandUAV uv:{ H J

= numerical_examples:
Here are some numerical examples to clarify the situation :

— |1 1 ] 1
r T3t 4|8t 12 r 3|1 [+ ]8 -1

|1 1 |1 1
» 5% Z:FZJ {ZZJ:2+1:3 > 5 2={52Jx[22J:2x1:2
1 1
2 2

1 _ 1
> 7*10=[7 J+L102J=2+3=5 > 7A10=L7 J+{102J:2x3:6
Therefore:
» 1*3=1*3=2 > 1A3=1A3=1
» 5*2-=5*2-3 » 5A2=5A2=2
> 7*10=7*10=5 > TA10=7A10=6

Final Notation;

To make it easy for the readers, let's replace : * , Aon IN and *, A on |N% by respectively + and < On

both IN and IN.

ie: vx,yelIN:x*y=x+y, and XAy= XXy

YU, VelIN:U*V=U+Vand U AV=UV X

Consequently:

(IN:%): (IN: A) (||\|1 S F (|Nl 'A);({0:1}; A ; ({0 ;13 ; A) will be dended :
(N5 )5 (N5 5 (NG )5 (ING )5 (€0 513 %) 5 (€0 5135 %)

{0;1} and {0 ;1} are not closed under +

Section B
Appendice
I) Let's consider the function
r:IN“— IN"
X Pno

where no is the rank of x.

(no is the least positive integer such that: x <2")

By construction r is an increasing function.

Here are same values of x and the corresponding values of r(x) = no
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n
x=1:2%<1<2':np=1
Xx=2:21<2<22:ng=2 Graph of the function r
Xx=3:2!<3<2?:np=2 i
X=4:22<4<2%:no=3 i
Xx=5:22<5<2%:ny=3 17

X=9:23<9<2*:np=4
x=10:2%<10<2*:np =4
x=10%:2°<10%<2":ng=7
x=10%:2%<10%3<21%: ng = 10
x =10%:28<10%2¥% 1 no = 14
X =10°: 2%8< 105%<2'7 : ng = 17
X =10°:29< 108 <220 : ng =20 3

-~

I1. RECAPITULATION

X= 1|/2|3[4[5|9]10]10%]|10°]| 10* | 10° | 10°

rMx)=11]12]2]3]3]4]4 7 10 |14 |17 | 20

1) let's consider the function:f: IN*— IN”
7
n | 100

«f\{1;2;3;4;5; 6} isadecreasing function.

Vne{l;2;3;4;5;6}:f(n)=1 f(n) &

=+

V n>7:1f(n) =1 because :2”> 100

p—
<
-]

graph of the function f :

n= | 1 | 2 |3|4[5|6[7|8]9...

—
o

fn)= 100 |10 [4[3 221 [1]1..

vVn>7:f(n)=1
explanation:

n=1: Poﬂ = [100] = 100 : f(1) = 100

n=2: {100%J =110/ =10 (2) = 10 :

I
L)

n=3:4°<100 <5° !

1 1
4<100° <5;{1003J=3 f(3)=4

n=4:3*<100 <4*
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1 1
3<100* <4;[100* |=3 ; f(4) =3
n=5:2°<100<3°

1 1
2<100° <3:/100° |=2 ; f(5) =2
n=6:25<100<3°

1 1
2<100° <3:[100°% |=2 ; f(6) =2

n n 1 &
vn>7:1 <100<2 then 1<100" < 2;|100
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