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New Concepts of Congruences Modulo
n

1 and 

Positive Integers Modulo
n

1

Habib Lebsir

Abstract: The aim of this article is the creation of new 

Mathematical beings: The positive integers   Modulo 1/n. I hope 

that they will be used by all the scientific community in general 

and the computer scientists (cryptographers) particularly. In the 

other hand, the paper contributes to enlarge the field of number 

theory and algebraic sets. In this paper, I present a new type of 

congruences on IN: the congruences modulo 
n
1

and The Sets of 

positive integers modulo
n
1

 denoted respectively ][n
1  and 

1

nIN , n  IN* 

 The Work is divided into two Sections : 
Section A: It's composed of: 
▪ A fundamental Theorem (With Proof)

▪ A fundamental relation of equivalence on IN denoted

][n
1

▪ The definition of the sets
1

nIN , n  IN* (with examples)

▪ The definition of the binary operations * and  on IN

▪ The definition of the binary operations *and  on
1

nIN , n 

 IN*

▪ The presentation of the semi-groups (IN ; *) ; (IN ; ) ; (

1

nIN ; *) ; (
1

nIN ;  ) 

Section B: It's Composed of an Appendice with: 
I) The definition and graph of the function:   r:  IN* → IN*

x   n0 Where n0 is the rank of x . 

II) The definition and graph of the function: f: IN* → IN*

n   






 n
1

001

Keywords: Congruences Modulo, Positive integers Modulo, 

Integer Part, Partition, Equivalence Classes, Rank, Amplitude, 

Semi-group 

I. INTRODUCTION

In this paper, I present two Concepts:

1. The Congruence modulo
n
1

( n IN*) defined on IN 

as follows:
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:INm!yx:INyx, ][n
1  







 n
1

x =








 n
1

y ,  where 






 n
1

x  and 






 n
1

y are the integer

Parts of respectively n
1

x and n
1

y  It's obviously 

an equivalence binary operation on IN (n is a 

fixed non-zero positive integer)  

2. The positive integer modulo 
n
1

 denoted m

for every Positive Integer m ( INm ) defined 

as follows: =m {xIN: 






 n
1

x = m}

In fact, m  is an equivalence classes of the 

congruence modulo 
n
1

defined above, therefore:  


INm

mIN


=

the Set{ m  , INm }denoted 
1

nIN is called the 

Set of positive integers modulo 
n
1

Each positive integer x of m is called a

component of the positive integer modulo
n
1

m

▪ The number of components of m  is called the

amplitude of m  and denoted 
n
1m

▪ Moreover, Every positive integer x of IN has a

rank n0 defined as the least non-zero positive

integer Such that: 1x:nn
0

  of 
1

n
IN

foreword: 

▪ In this paper, I present two new concepts on the

set IN of the positive integers:

The congruence modulo 
n

1
 and the positive 

integers modulo
n

1
, for a fixed non-zero positive 

integer n. 
▪ I hope that large people of the

mathematics and computer

science community will take

bene fit reading it
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▪ May god, almighty, reward me for this work which 

contributes for the progress of mathematics in general 

and number theory in particular 

                                                                                             

Section A 

A fundamental Theorem: 

Let n be a fixed non-zero positive integer ( n IN*) for 

every positive integer x there exists a unique positive integer 

m such that: mn ≤x<(m+1)n   ie: :INm!INx
*

 mn 

≤x<(m+1)n 

Proof:  

Let's consider the set n
S ={un≤x ,uIN*} 

▪ 
n

S  because 0n = 0 and x0   (x ≤1) 

▪ n
S  is upper bounded by Construction 

)( xy:Sy n   

Therefore, there exists in Sn a unique greatest element mn . 

Then:  mn ≤x<(m+1)n 

m is the greatest positive integer which power n is less than 

or equal to x.  

(m+1) is the Least positive integer which power is greater 

than x . 

ie: xu:mu
n
  and 

n
vx:1)(mv +  

Remark: 

][][ 1mxm1)(mxm n
1

nn
++ and + ][ 1mxm n

1

[ mx
n
1

=







]where 







 n
1

x is the integer 

part of
n
1

x  

According to the remark, the fundamental theorem can be written as follows: 

 Let n be a fixed non-zero positive integer ( n IN*) for every positive integer x, there exists a unique 

positive integer m such that 






 n
1

x (for n=1,   )11
1)(xxxx;xx;x1

1

+==  

Special case: n=2. if n=2 we can state for every positive integer x, there exists a unique positive integer 

m such that m² ≤ x < (m + 1)2 or 1mxm 2
1

+ ie: mx 2
1

=







 

Note that: + ][ 22
1)(mxm + ][ 1mxm 2

1









=








mx 2

1

 

A fundamental equivalence relation on IN: 

 Let's consider the relation denoted  
n
1  defined on IN by:   




=





 n
1

n
1

VU:INm!VU n
1 Where 

n is a fixed non-zero positive integer(nIN*). 

This relation is by definition on equivalence relation which equivalence classes m  are defined by: 









=





= mx: n
1

INxm  

The classes m /mIN form a partition of IN 

Each classes m  is composed of a finite number of positive Integers U:  

mUn
1

=





 : ie k= )mcard(:INk!
*

 

Terminology: Let's call: 

▪ )  ≡ the congruence module 
n

1
 (

n

1
 the module of ≡)  

▪ ) the Set 








=





= mx: n
1

INxm  the integer m modulo 
n

1
 

▪ ) x is a component of m  

▪ )  INm:m;   Will be denoted 
1

n
IN  for a fixed non-zero positive integer n (nIN*). 

 ,.......m,........,2,1,0.IN
1

n
=  

Let's examine the case n = 2: 
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the congruence modulo 
n
1

 is defined as follows:       mVU:INm!VU:INVU, 2
1

2
1

2

1 ==  

  mx:IN.xm 2
1

==  

Examples: 

=0 {   0x:INx 2
1

= }={0} 

0 is the unique component of 0  

=1 {   1x:INx 2
1

= }={1;2;3} 

1;2;3 are the three components of1 

=2 {   2x:INx 2
1

= }={4;5;6;7;8} 

4;5;6;7;8 are the five components of 2  

=1

2IN { ;.......m.;.........2;1;0 } 

Each element of 
1

2IN  is a positive integer modulo
2
1

is infinite 

Each positive integer modulo
2
1

m  has a finite number of components equal to the number of positive 

integers of the interval [m², (m+1)2[= 2m + 1 because card ([m², (m+1)2[) =2m+1 . 

Now here are some examples of positive integers modulo
2
1

m  and their 2m+ 1 components  

0 = {0} (1 component: 1 = 2(0)+1)  

1= {1;2;3} (3 components; 3=2(1)+1) 

2 = {4;5;6;7;8} (5 components, 5=2(2)+1) 

3= {9;10;11;12;13;14;15} (7 components; 7=2(3)+1) 

4 = {6;17;18;19;20,21,24;23;24} (19 components 9 =2(4)+1) 

Each component x of m  satisfy: m²  x >(m+1)² or:   mx 2
1

=  

Note that =1

2IN { m.;.........2;1;0 }where m = {x  IN: m  x > m + 1} 

Then: 0 ={0} ; 1={1} ; 2 ={2} ; ……….. ; m ={m} 

The relation ≡ is the equality on IN ie   VUVU 1
1 =  

Proposition (1):  given n  IN* 

for every non-zero positive integer x there exists a unique non-zero positive integer n0 such that: x is a 

component of 1of 
1

nIN for all values of n greater than or equal to n: ie: 1x:nn
0

 of 
1

nIN  

Proof: 

The proof of this proposition calls upon the Following property:  

For Every Non-Zero Positive Integer X There Exists A Unique Non-Zero Positive Integer N0 Such 

That:  
0n

2x   

Proof: Let's consider the set Sx = { INU:x2:2
UU

 } 

▪ ) SxØ because 20=1<x (x≥1) 

▪ ) Sx is upper bounded by construction ( xy:Sy
x

 ), therefore there exists a unique greatest 

element of Sx   ie; there exists a unique non-zero integer m Such that, x2
m
 and for all k<m we have 

2k<x  

That means that 2m+1 is greater than x ie: 
1m

2x1
+

  

Let's put m+1=n0; then m=n0– 1 

0n
2 is the least power of 2 greater than x. 

1n02
−

is the greatest power of 2 least than or equal to x 

https://doi.org/10.54105/ijam.A1188.05010425
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ie:
n

0
2x1:nn   

1x1x2x12x1 ()()()( n
1

n
1

n
=





 of )1

n
IN  

Note that x = 0 is the unique component of 0  of
1

n
IN  (n IN*) because 000:INn n

1
n
1

*
==





  

ie: 00:INn
*

 of
1

n
IN  

Examples: 

1) x = 10:
43

2102  ,
n

210:4n  , n0 = 4, 110:4n   of  
1

n
IN  

2) x = 100:
76

21002  ,
n

2100:7n  , n0 = 7, 110:7n   of  
1

n
IN  

3) x = 1000:
109

210002  ,
n

21000:10n  , n0 = 10, 11000:01n   of  
1

n
IN  

Rank of a non-zero positive integer : 

According to the property: 
n

0

*

0

*
2x:nn:INn!,INx   

Let's call no the rank of the non-zero positive integer x: no = r(x) . 

1x:nn
0

  of 
1

n
IN  

Remark: 000:INn n
1

n
1

*
=






=  

therefore 00:INn
*

 of 
1

n
IN , 0 has no rank (r(0) does not exist) 

Finally, the rank n0 of the non-zero positive integer x 

(
*

INx ) is the least non-zero positive integer n0 

satisfying: 
00 n1n

2x2 
−

note that the interval [;2[2 00 n1n −
of IN*can contain more than one element: they 

have all the same rank n0. ie:
00 n1n

2x2:x 
−

. r(x) = n0 

Examples :  
▪ [20, 21[ = [1,2[ = {1} 

         n0 = r(1) = 1  
▪ [21, 22[ = [2,4[ = {2,3}  

         n0 = r(2)= r( 3) = 2 
▪ [22, 23[ = [4,8[ = {4,5,6,7} 

         n0 = 3 = r(4)= r(5) = r(6) = r(7) 
▪ [23, 24[ = [8,16[ = {8,9,10,11,12,13,14,15} 

n0 = r(8) = r(9) = r(10) = r(11) = r(12) = r(13) = r(14) = r(15) = 4 

▪ The intervals [2i 2i+1[/ iIN   forma partition of IN* 

Proposition (02):  

For every non-zero positive integer x there exists k positive integers modulo 
n
1

 

m distinct of 1 where x is one of their components (K< n0).  

Meaning that x is one of the components of 1 of 
1

n
IN for all n :  n n0. 

Proof : 

▪ We know that for every non-zero positive integer x there exists a unique non-zero positive Integer n0 

such that: 1x:nn
0

 of 
1

n
IN  

 In the other hand, the function   *

0
IN1n......;1;2;3;4;..:f →− . 





 n

1

xn  
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for a fixed Value of the non-zero positive integer x : x ≥ 2is a decreasing function, 

therefore : for all non-zero positive integers n such that n > n0we have   




 0n
1

n
1

xx  since 1x 0n
1

=





  

then   1x:nn n
1

0
  

Card {1 ;2 ;3 ;…. ;n0-1}=n0-1, therefore there exists at most n0-1 positive integers modulo
n
1

, m  

distinct of 1 where x is one of their components  

if x = 1  nn
211:1n   211 n

1

  

11
n
1

=







 

1x  of 
1
nIN  

K=0 = n0 – 1 (n0=1) 

Examples: 

x = 10 

n = 1 n = 2 n = 3 

101 ≤ 10 < 111 

111010 1
1

  

0110 ][ 1
1

=  

10x  of 
1

1
IN  

32 ≤ 10 < 42 

4103 2
1

  

310 ][ 2
1

=  

3x  of 
1

2
IN  

23 ≤ 10 < 33 

3102 3
1

  

210 ][ 3
1

=  

2x  of 
1

3
IN  

nn
2101:4n  then 2101 n

1

 then 

110 ][ n
1

=  

 

x = 100 

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 
1001 ≤ 100 < 1011 

101100100 1
1

  

001100 ][ 1
1

=  

100x  of 
1

1
IN  

102 ≤ 100 < 112 

111010 2
1

  

0110 ][ 2
1

=  

10x  of 
1

2
IN  

43 ≤ 100 < 53 

5104 3
1

  

410 ][ 3
1

=  

4x  of 
1

3
IN  

34< 100 < 44 

41003 4
1

  

3100 ][ 4
1

=  

3x  of 
1

4
IN  

25< 100 < 35 

31002 5
1

  

2100 ][ 5
1

=  

2x  of 
1

5
IN  

26< 100 < 36 

31002 6
1

  

2100 ][ 6
1

=  

2x of 
1

6
IN  

Since: 10002
10
  then nn

21001:7n  then 210001 n
1

 then 11000 ][ n
1

=  

1x  of  
1
nIN ; n0 = 7; K = 5 > n0 – 1 = 7 – 1 

 

x = 1000 

n = 1 n = 2 n = 3 n = 4 n = 5 

10001<1000<10011 

001110000001 1
1

  

00011000 ][ 1
1

=  

1000x  of 
1

1
IN  

312< 1000 < 322 

32100013 2
1

  

131000 ][ 2
1

=  

31x  of 
1

2IN  

103< 1000 < 113 

11100001 3
1

  

011000 ][ 3
1

=
 

10x  of 
1

3
IN  

54< 1000 < 64 

610005 4
1

  

51000 ][ 4
1

=  

5x  of 
1

4
IN  

35< 1000 < 45 

410003 5
1

  

31000 ][ 5
1

=  

3x  of 
1

5
IN  
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n = 6 n = 7 n = 8 n = 9  

36< 1000 < 46 

410003 6
1

  

31000 ][ 6
1

=  

3x  of 
1

6
IN  

27< 1000 < 37 

310002 7
1

  

21000 ][ 7
1

=  

2x  of 
1

7
IN  

28< 1000 < 38 

310002 8
1

  

21000 ][ 8
1

=  

2x  of 
1

8IN  

29< 1000 < 39 

310002 9
1

  

21000 ][ 9
1

=  

2x  of 
1

9
IN  

 

Since: 10002
10
  then nn

210001:10n   then 210001 n
1

 then 11000 ][ n
1

=  

1x  of  
1
nIN ; n0 = 10; K = 6 > n0 – 1 = 10 – 1 

 

Amplitude of a positive integer modulo
n
1

 , n IN* 

Let's remind that: 

 )(][ 1mxm:INxmx:INxm:INm
nn

1

+=








==  

x is called a component of m  

Definition and notation: 

The number of components of the positive integer modulo 
n
1

,  

m is called the amplitude of m and denoted:
n
1

m . 

Examples: 

For n = 1 

1m
1
1
= because m ={m}. m is the unique component of m  

For n = 2 

m = {xIN: mx 2
1

=





}= {xIN:m2 x > (m + 1)2} 

Card( m ) = Card[m2 ; (m + 1)2[ = 2m + 1 , then 
2
1

m = 2m + 1 

let's calculate 
3
1

1 , 
4
1

1  

▪ in 
1
3IN , 1= {xIN: 1x3

1

=





}= {xIN: 12 x >22}= {1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7}  ;  Card(1) = 7 

Therefore 
3
1

1 = 7 

▪ in 
1
4IN , 1= {xIN: 1x 4

1

=





}= {xIN: 14 x >24}= {1 ; 2 ; 3 ; 4 ; 5 ;……….; 15}  ;  Card(1) = 15 

Therefore 
4
1

1 = 15 

Question: How can we define a binary operation on 1
nIN ? 

Answer: To define a binary operation on 1
nIN compatible with the congruence modulo 

n
1
( )  

That means that * and must satisfy: 

 x ; y ; x' ; y'  IN if :(  n
1yx   and  n

1yx  )  then (  n
1)y*()x*(x  y ) 

https://doi.org/10.54105/ijam.A1188.05010425
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This compatibility allows us to define the binary operation *  on 1
nIN  as follows:  

 x ; y  IN: x * y = ( )y*x  

In that case; 

▪ if * is commutative on IN, then *  is commutative on 
1
nIN  

▪ if * is associative on IN, then *  is associative on 
1
nIN  

▪ if e is the unit element of * on IN, then e  is the unit element of *  on 
1
nIN  

▪ if 0 is the zero element of * on IN, then 0  is the zero element of *  on 
1
nIN  

▪ if x is the inverse element of x on IN (ie x * x = x * x = e),  

   then x is the inverse element of x on 1
nIN  ( ie x * x = x * x= e ) 

so: all the problem is to find a binary operation on IN that is compatible with the congruence modulo 

n
1

 

Two Examples of Binary Opérations on IN Compatible with the Congruence Modulo 
n
1

 

1) Let's consider on IN the binary operations * defined as follows; 

 x; y  IN: x * y = +




 n

1
x





 n

1
y  

       where 




 n

1
x and 





 n

1
y  are respectively the integer part of  n

1

x  and n
1

y  

this operation is compatible with the congruence modulo 
n
1

 because:  

U ; V ; U  ; VIN, if :  
n
1UU   and  

n

1VV  then  
n
1V*UV*U   

Proof: 

U * V = +




 n

1
U





 n

1
V ;  since  

n
1UU   and  

n

1VV   

means that: =




 n

1
U





 n

1
U  and =





 n

1
V





 n

1
V  

therefore U * V = +




 n

1
U





 n

1
V =





 n

1
U +





 n

1
V = U+ V  

ie: (U*V) = ( )V*U   thus: ( ) ( )V*UV*U   

* is then compatible with the congruence modulo
n
1

 

2) Similarly: Let's consider the binary operation  defined on IN as follows:  

 x; y; x'; y'  IN: x  y = 






 n
1

x




 n

1
y  

As for *,  is compatible with the congruence modulo 
n
1

on IN 

ie: U ; V ; U  ; VIN , if :  
n
1UU   and  

n

1VV   then  
n
1VUVU   

Note that both * and  are associative and commutative. 

Consequence: construction of two binary operation associative and commutative on 
1
nIN  

Since * and  are two binary operations associative and commutative on IN compatible with the 

congruence modulo 
n
1

* and   defined on 
1
nIN as follows: 

( )m*mm*m:INmm; =  and ( )mmmm:INmm; =  

https://doi.org/10.54105/ijam.A1188.05010425
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Are two binary operations associative and commutative on
1
nIN  

Remark: both  and   are distributive with respect to respectively * and *on respectively IN and 
1
nIN  

 x ; y ; z  IN: x  (y * z) = (x  y) * (x  y) and (y  z) * x = (y * x)  (z * x) 

and 

 U ; V ; W  IN: U  ( V * W ) = ( U  V )*( U  W ) and ( V  W )* U = ( V * U ) ( W * U ) 

The semi-groups (IN; *) , (IN ; ) , ( )*;
1

nIN  ; ( );1

nIN  

both * and  are associative and commutative 

▪  neither * nore  have a unit element 

▪  *has no zero element 

▪  have 0 as zero element because:  x  IN: x  0
00x0x

n
1

n
1

n
1

=





=











=
 

so: (IN ; *) is a commutative semi-group without unit element and without zero element  

(IN ; )  is a commutative semi-group with 0 as zero element and without unit element 

both *  and   are associative and commutative neither *  nore   have a unit element  

  has 0 as zero element because:  U
1
nIN : U  0  = 0  

so: ( )*;
1

nIN  is a commutative semi-group without a unit element and without a zero element 

( );1

nIN  is a commutative semi-group with 0  as a zero element and without a unit element 

two subsets of (IN; ) and ( );1

nIN  

▪ Let's consider  ( );0;1  there is the table of : 

as shown on the table: 

0 is the zero element 

1 is the unit element 

moreover  is commutative and associative so: ({0; 1}; ) is a commutative semi-group with zero 

element 0 and with unit ellement 1 

▪ Let's consider  ( );1;0       there is the table of  : 

As shown on the table: 

0 is the zero element 

1is the unit element 

moreover   is commutative and associative so :  ( );1;0  is a semi-group with zero element 0  and 

with unit element 1 

note that {0 ; 1} is not closed under * because: 1*1= 2{0 ; 1} 

        and { 0  ; 1} is not closed under *  because: 1*1= 2{ 0  ; 1} 

Definition of both * and  on IN for n = 2 and both *  and on  1
nIN

1 0  

0 0 0 

1 0 1 

 

1 0  

0 0 0 

1 0 1 
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x ; y  IN: x * y = +






 2
1

x 






 2
1

y   and  x  y = 






 2
1

x 






 2
1

y  

U ; V  IN: U * V = V*U =













+














2

1

2

1

VU and U  V = VU =



























2

1

2

1

VU  

▪ numerical examples: 

Here are some numerical examples to clarify the situation : 

➢ 211313*1 2
1

2
1

=+=







+








=  

➢ 312252*5 2
1

2
1

=+=







+








=  

➢ 53210710*7 2
1

2
1

=+=







+








=  

➢ 111311Δ 2
1

2
1

==







+








=3  

➢ 212255Δ 2
1

2
1

==















=2  

➢ 6321077Δ 2
1

2
1

==







+








=10  

 

Therefore: 

➢ 1 * 3 23*1 ==  

➢ 5 * 2 32*5 ==  

➢ 7 * 10 510*7 ==  

➢ 1  3 131 ==  

➢ 5  2 225 ==  

➢ 7  10 6107 ==  

Final Notation; 

To make it easy for the readers, let's replace : * ,  on IN and * ,  on 
1
nIN by respectively + and × on 

both IN and 
1
nIN . 

ie : yxy*x:INyx, += , and xy= x×y 

:INVU,  U * V = U + V and U  V = U V  × 

Consequently: 

(IN ; *) ; (IN ; ) ; (
1
nIN  ;*) ; (

1
nIN  ; ) ; ({0 ;1} ; ) ; ({0  ;1} ; ) will be dended : 

(IN ; +) ; (IN ; ×) ; (
1
nIN  ;+) ; (

1
nIN  ;×) ; ({0 ;1} ; ×) ; ({0  ;1} ; ×) 

{0 ;1} and {0  ;1} are not closed under + 

Section B 

Appendice 

I) Let's consider the function 

          r : IN*→ IN* 

                x   n0 

where n0 is the rank of x. 

(n0 is the least positive integer such that: 0n
2x  ) 

By construction r is an increasing function. 

Here are same values of x and the corresponding values of r(x) = n0 
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x = 1 : 20 1>21 : n0 = 1 

x = 2 : 21 2>22 : n0 = 2 

x = 3 : 21 3>22 : n0 = 2 

x = 4 : 22 4>23 : n0 = 3 

x = 5 : 22 5>23 : n0 = 3 

x = 9 : 23 9>24 : n0 = 4 

x = 10 : 23 10>24 : n0 = 4 

x = 102 : 26 102>27 : n0 = 7 

x = 103 : 29 103>210 : n0 = 10 

x = 104 : 213 104>214 : n0 = 14 

x = 105 : 216 105>217 : n0 = 17 

x = 106 : 219 106 >220 : n0 = 20 

 

 

II. RECAPITULATION 

x = 1 2 3 4 5 9 10 102 103 104 105 106  

r(x) = 1 2 2 3 3 4 4 7 10 14 17 20 

II) let's consider the function:f: IN*→ IN* 

n 






 n
1

001  

• f \{1 ; 2 ; 3 ; 4 ; 5 ; 6} is a decreasing function. 

n {1 ; 2 ; 3 ; 4 ; 5 ; 6} : f(n)  1 

n  7 : f(n) = 1 because :27 < 100 

graph of the function f : 

 

n  7 : f(n) = 1 

explanation: 

 n = 1 : 






 1
1

001  =  001  = 100 ; f(1) = 100 

n = 2 : 






 2
1

001  =  01  = 10 ; f(2) = 10 

n = 3 : 43 > 100 >53 

31005;1004
3
1

3
1

=







  ; f(3) = 4 

n = 4 : 34 > 100 >44 







n = 1 2 3 4 5 6 7 8 9  …. 

f(n) = 100 10 4 3 2 2 1 1 1 ….. 

 

Graph of the function r 
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31004;1003
4
1

4
1

=







  ; f(4) = 3 

n = 5 : 25 > 100 >35 

21003;1002
5
1

3
1

=







  ; f(5) = 2 

n = 6 : 26 > 100 >36 

21003;1002
6
1

6
1

=







  ; f(6) = 2 

nn
21001:7n   then 11002;1001

n
11

n

=







  ; f(n) = 1 
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