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An Elementary Proof for Fermat's Last Theorem

using Ramanujan-Nagell Equation

P. N. Seetharaman

Abstract: Fermat’s Last Theorem states that it is impossible
to find positive integers A, B and C satisfying the equation A"
+ B" = C"where n is any integer > 2. Taking the proofs of
Fermat for the index n= 4, and Euler for n= 3, it is
sufficient to prove the theorem for n = p, any prime > 3. We
hypothesize that all r, s and t are non-zero integers in the
equation rP + sP = tPand establish a contradiction in this proof.
Just for supporting the proof in the above equation, we have used
another equation x® + y® = 7% Without loss of generality, we
assert that both x and y as non-zero integers; z¢ a non-zero
integer; z and z? irrational. We create transformed equations to
the above two equations through parameters, into which we have
incorporated the Ramanujan - Nagell equation. Solving the
transformed equations we prove the theorem.
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I. INTRODUCTION

Around 1637, Pierre-de-Fermat, the

mathematician wrote in the margin of a book that the
equation A" +B" = C" has no solution in integers A,
B and C, if n is any integer >2. Fermat stated in the margin
of the book that he himself had found a marvelous proof of
the theorem, but the margin was too narrow to contain it.
His proof is available only for the index n=4, using infinite
descent method [1].

Many mathematicians like Sophie Germain, E.E.
Kummer had proved the theorem for particular cases.
Number theory has been developed leaps and bounds by the
immense contributions by a lot of mathematicians. Finally,
after 350 years, the theorem was completely proved by Prof.
Andrew Wiles, using highly complicated mathematical tools
and advanced number theory [2], [3], [31[4]1[51[61[71[81[9]
Here we are trying an elementary proof.

French

Il. ASSUMPTIONS

1)  We initially hypothesize that all r, s and t are non-zero
integers satisfying the equation rP + s =t" where p is
any prime > 3, with ged(r, s, t) = 1 and establish a
contradiction in this proof.

2)  Just for supporting the proof in the above equation,

we have taken another equation.
2 +yd =273 ged(x,y, %) =1
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Without loss of generality, we can have both x and y as
non-zero integers, z2 a non-zero integer; both z and z2
irrational. Since we prove the theorem only in the equation
rP + sP = tP for all possible integral values of r, s and t we
have the choice in having x=17; y=20; z3= 173+20%=37x349
and so on, such that the odd prime factors in x, y and z°
could be chosen as coprimes to each of r, s and t. In the
transformation equation the pattern and structures are to be
maintained whatever the odd prime factors of x, y and z3 are
used inside the square roots.

3) We have used the Ramanujan-Nagell equation
solutions 2° =7+ 520r 2" =7+ 1120r 2% =7 +
181%2in2" =7+ ¢*,wherenisoddand ¢>1.

4)  Inthis proof we assign the values as x = 11, y = 53,
78 =11% + 53% =82 x 2347,

5) Let E and R be distinct odd primes each coprime to

eachof x,y, 2% r.s,t, 7and ¢; F = (2y) =2 x 53.
Proof. By random trials, we have created the following
equations,

2
ol ool S

\/757
w2 ) C\/t_—d\/Rmz_ e\/F—f\/RST 2
(a2 —b\/F_) +[ ot ]—[ @ ] 1)

as the transformation equations of x3 + y® = z3 and r? + sP =
t? respectively through the parameters called a, b, c, d, e and
f. Here we have assigned the values x= 11,y =53, 2 = 11° +
53% = 82 x 2347. E and R are distinct odd primes, each is
coprimetox,y, 2% r,s,t,7and ¢, where 2"'=7 + ¢, where
nis odd and ¢>1 using one of the solutions 25 = 7 + 52 or
27=7+11%0r 2¥%=7+181%and F = (2y)

From equation (1), we get

and

avs + b\/ﬁT:\/x_3 2
a2 —bF" =r® 3)
V7R +dVE = |[y* (4)
eV -dVRT =257 (5)
eVF? + fEY? =777 (6)
And eﬁ—fﬁzw ©)
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Solving simultaneously (2) and (3), (4) and (5), (6) and (7), we get

a= (\/F“x3 +Jr”€5’3)/(JF1’3s 2
b= (V275 17| /(s 2

= (JRTY +ZTETS ) [ f[7R) 4 VTR
o [

( ,7R 5/3 23+\/E“3€7’3t")/(\/F“3R5’3+\/E“3r)
and f = (\/75/3 2°r \/F1/3€7'3tp)/(\/F1I3R5/3+\/E1/3I’)

From (3) & (5), we have

B {17 0o o)
ie. 2”:{(c)\/rT—(d)\/R”Sr"ﬂbc)«/FlT (bd) [ FR ’}/(aJ_)

From (4) & (6), we get

VP77 = [y ~aVET (VP + 1VET ) /(7
e 7= (&)Y +(1)VETY ~(de)VFET () (e )| /[cV7)

From (2) & (7), we get

WXW=(\/X_3—a«/§)(e«/F—f\/R5T)/(b\/t_")
e 02 =|()¥r ~( 1) VRT ~(ae) s +(af ) VRT's | /[bV7

Substituting the above equivalent values in Ramanujan-Nagell equation 2" = 7 + /% after multiplying both sides by

{(abc)W} , we get
[(be) 2} ()Tt ~(0) VR + (bc) VET (o) [ FR)
—{(@0) V577 |{(e) yFy? + () JETY? ~ (de) VFPIET —(df ) (E)|
+(ac) V25" |{ (@) 3r —( 1) VR —(ae) s +(af ) JRT"s | (8)

Let us find out all rational terms in equation (8) after multiplying both sides by
2 2
{( [E3g 4 /2n/2€5/3) ( ,(7R)1/3+\/E1/3t) (\/F”3R5/3+\/E1’3r)}

to be free from denominators on the parameters a, b, ¢, d, e and f and again multiplying both sides by {\/2’”2 F1’3E“3235}

for getting some rational terms as worked out hereunder, term by term.
| term in LHS of equation (8), after multiplying by the respective terms and substituting for {bc?}

=\/tpT\/Z3rp(\/Fll?:s+\/2n12€5/3)(\/F1/3R5/3 +\/E“3r)\/2“’2 [EETSTEREN
(\/Zn/T \/_){(Rus 3) (2\/Rl/3y3\/23"/2E5/3 ) (ES/ssp\/ZT)}

On multiplying by

{\/’U’T\/zsrp \/Fl/SS\/Fl/SRSIS\/ZnIZ F1/3E1/3zss(_ﬁ)(z\/Rusys\/23n/2E5/35p)}

{ (2" ERrz%s)(st) p*lﬁ}

We get
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This term gets cancelled with the term worked out under 111 term in LHS below.
Il term in LHS of equation (8), after multiplying by the respective terms and substituting for {b(cd)}

=(_JR1/323rptp)(JF1/38_H/Zn/z €5/3)(\/F1/3R5/3 +\/E1/3r)\/2n/2 P=IET=TEPEN

X(W—ﬁ)(\/Rmf+\/23"/2E5’3Sp)(\/ﬁ—\/m)

On multiplying by

{(_JR1/323rptp)JF1I3S\/F1/3R5/3\/2n/2F1/3Ell3ZSS(_ﬁ)W\/ﬁ}

{(2” ERrH%)Wﬁ}

This term gets cancelled with the term worked out under IV term in LHS below.
I11 term in LHS of equation (8), after multiplying by the respective terms and substituting for {b%c?}

:\/tp?\/FJ.BZ.’S (\/F1’3R5’3+\/E“3r)\/2”’2 F1/3E1/3zas{(x3 2n)+(rps)_2 2”/2x3rp5}

x{(R1’3y3)+(2\/R1’3y3 \/23"/2 E5/3Sp)+(E5/35p\/27)}

We get

On multiplying by

{\/t')T\/FmZ3\/F“3R5/3\/2”/2 F1/3E1/3Z3s(rps)(z\/R1/3y3\/23n/2E5/3Sp)}

We get

{(2”+1 ERrngs)W\/FT/S}

IV term in LHS of equation (8), after multiplying by the respective terms and substituting for {b?(cd)}
:(_\/Z3tp \/F1/3R1/3)(\/FU3R5/3 +\/E1/3r)\/2n/2 F1’3E“3z3s(\/R“3y3 2272 E5’3Sp)

x{(xe‘ 2”)+(rps)—2 2“’2x3r"s}(\/ﬁ—\/f””?msp)

On multiplying by

{(—\/Zstp)\/F1/3Rl/3\/F1/3R5/3\/2n'2 Fl/3E1/323S\/23"/2E5/3Sp(I’ps) yst}
We get

{—(2“ ERrpz3s)\/(stT\/F7y3}

This term gets cancelled with Il term in LHS in equation (8).

I term in RHS of equation (8), after multiplying by the respective terms and substituting for {(ab)e}

_ W{(?R)“S +(E*t)+2,(7R)" \/E5’3t} V22 FIRER s
x(W—ﬁ)(W+W)(«/(7R)m z° +\/W)

On multiplying by

{m(z ,(7R)1/3\/E5/3t)\/2n/2 F1/3E1/3235\/FU3X3\/2"/2X3 (7R)5/3 23}
We get

{(2x7ERx3z3)WW}

Which will be rational, since we have F =2y and n is odd integer.
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Il term in RHS of equation (8), after multiplying by the respective terms and substituting for {(ab)f}
- \/m{(m)” +(E*t) +2,/(7R)"* \/Emt} 2R FRER 3
x( [z 3 _ /rps)(\/FmXS PN /EEN )(\/75/323r _\/F1/3€7/3tp)

On multiplying by

{W(Eslat)\/znlz Fl/3El/3238\/2n/2X3\/Fl/3x3 (—\/Fl/3€7’3tp)}
We get
{_(sza)tpu\/spT szny323€7/3}

Which will be irrational since F = (2y).
I11 term in RHS of equation (8), after multiplying by the respective terms and substituting for {abde}

:(_ /FllaEslssptp)( ,(7R)1/3+\/E5/3t)\/2n/2 Fl/3El/323S(\/F1/3X3 +\/65l3rp)
(MBS (5N TR E

{(—«/W),/(?R)m 27 PR s JFP 277 fyt(7R) z3}
{7ERx ./st ,/ x2" 3}
Which will be rational.

IV term in RHS of equation (8), after multiplying by the respective terms and substituting for {(ab)df}

=(—E Sptp)( ’(7R)1/3+\/E5/3t)\/2"/2Fl/SE“BZSS(\/FmXB+\/€5/3I’p)
X(\/W_\/E)(\/ﬁ_\/z%/Z?lBSp)(\/75/323r_\/Fll3£7/3tp)

On multiplying by

We get

On multiplying by

{(_E\/Sptp)\/ESISt\/ZnIZF113Ell3z3s\/F1/3 3\/2n12X3\/_( F”3Z7’3tp)}
We get
{(szgtpn) /sp+1 szny323€7/3}

Which will be irrational, moreover this term gets cancelled with 11 term in RHS.
V term in RHS of equation (8), after multiplying by the respective terms and substituting for {ace}

:\/XSZSrSp(\/Fl/35+J2n/2€5/3)( [(7R)1/3 +\/E5/3t)\/2n/2 F1/3E1’3Z3S(\/F1/3X3 +\/€5/3rp)
X(\/R1/3y3+\/23n/2E5/3sp)( /(7R)5/3 23+\/W)

On multiplying by

RS VFT (TR VB R s [FT N [T |
We get

{(2” x 7ERx3z3sp+l)\/Fr23}

Which is irrational, since we have F = 2y; r is coprime to y = 53; and 2347.

VI term in RHS of equation (8), after multiplying by the respective terms and substituting for {def} is
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:(—\/R5’3X3235p)(\/F1/35+\/2"/2€5/3)( [(7R)1/3+\/E5/3t)\/2n/2F1/3E1/3235
X(\/F1/3X3+\/€5/3rp)(\/R1/3y3 +\/23n/2E5/3sp)(\/75/3 Ar \/F”3€7/3t )

On multiplying by

{(—\/R5/3X323Sp)\/2"’265/3 \/ESISt\/ZnIZ FlISElISZSS\/Fl/3X3 \/R1’3y3 (_\/Fl/3€7l3tp)}

We get
{ERx 20 / st) JF x 2" 3}

Which is rational, since we have F = 2y; n being odd.

VII term in RHS of equation (8), after multiplying by the respective terms and substituting for {a%ce)} is

(T (TR + BT SRS [ 5 2T

X(\/R1l3y3+\/23n12E5/33p)( 5/3 o /E1/3€7/3tp)

On multiplying by

{(_\/Spﬁ\/ﬁ) ’(7R)1l3(X3\/F2I3)\/2”/2 FlISElIBZSS\/ZSnIZES/sSp (7R)5/3 3}
We get
{—(2” ><7ERX3Z3Sp+1)\/ Fz3r}

Which will be irrational, since F = 2y and r is coprime to y = 53, and 2347, where z3 = 82 x 2347, otherwise we have the
choice of assigning some other values for x, y, z%, such that r is coprime to odd prime factors in x, y and z3.

VIII term in RHS of equation (8), after multiplying by the respective terms and substituting for {a%cf)} is

:\/S[JT\/W( ’(YR)M+\/E5’3t)\/2"/2F1/3E“3238{(X3\/F2/3)+(€5/3I’p)+2 le‘p€5/3x3}

X(\/Rll3y3+\/23n/2E5/38p)(\/75/323r+\/F1l3£7/3tp)

On multiplying by

{\/S;JT\/RSISZS\/71/3R1/3\/2M2 F1/3E1/3Z3$(X3\/F2/3)\/23n/2 E5/3Sp\/75/323r}
We get
{(2” ><7ERx323sp*1)\/F23r}
Which is irrational.

Sum of all rational part in LHS of equation (8) is NIL.

Sum of all rational part in RHS of equation (8) is

= (7ERX323)«/(st)MJF x2"y® (comnining | & 111 terms)
+( ERXBZW) 1/(st)p+1 JFx2"y? (vide VI term)
=(2"ERX’z ./st x2"y® (T2 =2")

Equating the rational terms on both sides of equation (8), we get

(2"ERx*z ./ st)P* JFx2"y* =0

Dividing both sides by

(2” ERx3z3)JF x2"y®
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We get
(st)™ =0

That is, either s=0; ort=0.

This contradicts our hypothesis that all r, s and t are non-
zero integers in the equation r? + sP = t?, with p any prime >
3, thus proving that only a trivial solution exists in the
equation.

I1l. CONCLUSION

Since equation (8) in this proof has been derived directly
from the transformation equations the result that we have
obtained on equating the rational terms on both sides of
equation (8) should reflect on the Fermat’s Equation rP + sP
= tP, thus proving that only a trivial solution exists in the
equation rP + sP =P,

The only main hypothesis that we made in this proof,
namely, r, s and t are non-zero integers has been shattered
by the result st = 0, thus proving the theorem.

DECLARATION STATEMENT

I must verify the accuracy of the following information as
the article's author.

Conflicts of Interest/ Competing Interests: Based on
my understanding, this article has no conflicts of interest.
Funding Support: This article has not been funded by
any organizations or agencies. This independence
ensures that the research is conducted with objectivity
and without any external influence.

Ethical Approval and Consent to Participate: The
content of this article does not necessitate ethical
approval or consent to participate with supporting
documentation.

Data Access Statement and Material Availability: The
adequate resources of this article are publicly accessible.
Authors Contributions: The authorship of this article is
contributed solely.

REFERENCES

1. Hardy G. H. and Wright E. M., An introduction to the theory of
numbers, 6th ed. Oxford University Press, 2008, pp. 261-586. DOI:
http://dx.doi.org/10.1080/00107510903184414

Lawrence C. Washington, Elliptic Curves, Number Theory and
Cryptography, 2nd ed. 2003, pp. 445-448. DOl:
https://doi.org/10.1201/9781420071474

Andrew Wiles, Modular Elliptic Curves and Fermat's Last Theorem,
Annals of Mathematics, 1995; 141(3); pp.443-551. DOI
https://doi.org/10.2307/2118559

13 Lectures on Fermat's Last Theorem by Paulo Ribenboim, Publisher:
Springer , New York , originally published in 1979, pages 159. DOI:
https://doi.org/10.1007/978-1-4684-9342-9

KEERTHIIKA, V. K. (2019). Role of Chinese Remainder Theorem in
Cryptography. In International Journal of Engineering and Advanced
Technology (Vol. 8, Issue 6, pp. 256-258).
https://doi.org/10.35940/ijeat.e7522.088619

Tamizharasi, R., & Yamuna, M. (2019). Encryption Algorithm -
Detecting Chemical Structures using Graph Theory. In International
Journal of Innovative Technology and Exploring Engineering (Vol. 9,
Issue 1, pp. 3654-3658). https://doi.org/10.35940/ijitee.a4693.119119
Tahiliani, Dr. S. (2021). More on Diophantine Equations. In
International Journal of Management and Humanities (Vol. 5, Issue 6,
pp. 26-27). https://doi.org/10.35940/ijmh.11081.025621

Nongbsap, W., & Singh, Dr. M. M. (2021). A Cryptographic
Application of the M-Injectivity of Mn(Zp) Over Itself. In International

Retrieval Number:100.1/ijam.B118004021024
DOI: 10.54105/ijam.B1180.04021024
Journal Website: www.ijam.latticescipub.com

15

Journal of Recent Technology and Engineering (IJRTE) (Vol. 10, Issue
4, pp. 7-14). https://doi.org/10.35940/ijrte.d6515.1110421

Bashir, S. (2023). Pedagogy of Mathematics. In International Journal
of Basic Sciences and Applied Computing (Vol. 10, Issue 2, pp. 1-8).
https://doi.org/10.35940/ijbsac.b1159.1010223

AUTHOR PROFILE

P. N. Seetharaman, B.Sc (Mathematics); B.E. ( Electrical
engineering) had worked as Executive Engineer in
Tamilnadu Electricity Board, Chennai, in Research and
! Development wing , in Energy Conservation Cell. After

W L his retirement from service in 2002, he studied number
theory and his special interest is on finding an elementary proof for
Fermat's Last Theorem.

Disclaimer/Publisher’s Note: The statements, opinions and
data contained in all publications are solely those of the
individual author(s) and contributor(s) and not of the Lattice
Science Publication (LSP)/ journal and/ or the editor(s). The
Lattice Science Publication (LSP)/ journal and/or the
editor(s) disclaim responsibility for any injury to people or
property resulting from any ideas, methods, instructions or
products referred to in the content.

Published By:
Lattice Science Publication (LSP)
© Copyright: All rights reserved.

www.ijam.latticescipub.com


http://doi.org/10.54105/ijam.B1180.04021024
http://www.ijam.latticescipub.com/
http://dx.doi.org/10.1080/00107510903184414
https://doi.org/10.1201/9781420071474
https://doi.org/10.2307/2118559
https://doi.org/10.1007/978-1-4684-9342-9
https://doi.org/10.35940/ijeat.e7522.088619
https://doi.org/10.35940/ijitee.a4693.119119
https://doi.org/10.35940/ijmh.l1081.025621
https://doi.org/10.35940/ijrte.d6515.1110421
https://doi.org/10.35940/ijbsac.b1159.1010223

