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On the Nörlund-Rice Integral Formula 

R. Sivaraman, M. Muniru Iddrisu, J. López-Bonilla

Abstract: After introducing the famous Nörlund-Rice integral formula, we apply it to Laguerre polynomials, Melzak’s relation, and 

Stirling numbers of the second kind to obtain nice expressions.  
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I. INTRODUCTION

We have the Nörlund-Rice integral formula [1-6]: 

∑ (
𝑛
𝑘

)

𝑛

𝑘=0 

(−1)𝑘 𝑓(𝑘) =
(−1)𝑛 𝑛!

2𝜋 𝑖
∳
𝐶

𝑓(𝑧) 𝑑𝑧

𝑧 (𝑧 −  1)(𝑧 −  2) ⋯ (𝑧 −  𝑛)
,    𝑛 ≥ 0,  (1) 

where 𝑓 is analytic in a domain containing the interval [0, n], and C is a closed, simple, positively oriented curve 

surrounding [0, n]. 

   In Sec. 2, we provide the applications of (1) to Stirling numbers of the second kind, Melzak’s identity, and Laguerre 

polynomials. 

II. APPLICATIONS OF NÖRLUND-RICE’S FORMULA

a).- Let us consider the analytic function 𝑓(𝑧) = 𝑧𝑚 ,    𝑚 ≥ 0 and apply it to (1).

Then (1) gives interesting expressions for the Stirling numbers of the second kind [7-9][20][21][22]: 

𝑆𝑚
[𝑛]

=
(−1)𝑛

𝑛!
∑ (

𝑛
𝑘

)

𝑛

𝑘=0 

(−1)𝑘𝑘𝑚 =
1

2𝜋 𝑖
∳
𝐶

𝑧𝑚  𝑑𝑧

𝑧 (𝑧 −  1) ⋯ (𝑧 −  𝑛)
 ,     𝑚, 𝑛 ≥ 0,  (2) 

thus: 

𝑆0
[0]

=
1

2𝜋 𝑖
∳
𝐶

𝑑𝑧

𝑧
= 1,  𝑆𝑚

[0]
=

1

2𝜋 𝑖
∳
𝐶

𝑧𝑚−1  𝑑𝑧 = 0,   𝑚 ≥ 1, 𝑆𝑚
[1]

=
1

2𝜋 𝑖
∳
𝐶

𝑧𝑚−1

𝑧 −  1
 𝑑𝑧 = {

0,   𝑚 = 0,
1,   𝑚 ≥ 1,

A. Theorem

The Stirling’s numbers of the second kind satisfy the recurrence relation 𝑆𝑛
[𝑘−1]

= 𝑆𝑛+1
[𝑘]

− 𝑘 𝑆𝑛
[𝑘]

(3) 

Proof: Using the expression (2), we obtain the following (see [8]) 

𝑆𝑛
[𝑘−1]

=
1

2𝜋 𝑖
∳
𝐶

𝑧𝑛−1

(𝑧 −  1) ⋯ (𝑧 − (𝑘 − 1))
 ∙=

1

2𝜋 𝑖
∳
𝐶

𝑧𝑛 𝑑𝑧

(𝑧 −  1) ⋯ (𝑧 −  𝑘)
− 𝑘

1

2𝜋 𝑖
∳
𝐶

𝑧𝑛−1  𝑑𝑧

(𝑧 −  1) ⋯ (𝑧 −  𝑘)
 , 

= 𝑆𝑛+1
[𝑘]

− 𝑘 𝑆𝑛
[𝑘]

 ,    𝑞. 𝑒. 𝑑.

There is a well-known generating function for the Stirling numbers of the second kind [8]. Upon using that generating 

function, (2) implies the property: 
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∑ 𝑆𝑚
[𝑛]∞

𝑚=0 
𝑞𝑚

𝑚!
=  

1

𝑛!
(𝑒𝑞 − 1)𝑛 =

1

2𝜋 𝑖
∳
𝐶

𝑒𝑧𝑞  𝑑𝑧

𝑧 (𝑧 − 1)⋯(𝑧 − 𝑛)
 ,                   (4)     

                                         

Further from (2), we can obtain the Following Compact Expression: 

 

𝑆𝑚
[𝑛]

=
(−1)𝑛

𝑛!
(1 + 𝜙)𝑛,          𝜙𝑘 ≔ (−1)𝑘𝑘𝑚 .                              (5) 

 

b).-  Let us now consider the function 𝑓(𝑧) =
𝑥𝑧

𝑧!
 . Applying this function in (1), we obtain the Laguerre polynomials [10-15] 

as given below:  

𝐿𝑛(𝑥) = ∑ (
𝑛
𝑘

)𝑛
𝑘=0 (−1)𝑘 𝑥𝑘

𝑘!
=

(−1)𝑛 𝑛!

2𝜋 𝑖
∳
𝐶

𝑥𝑧

𝑧!
  𝑑𝑧

𝑧 (𝑧 − 1)⋯(𝑧 − 𝑛)
= (1 + 𝛽)𝑛 ,      𝛽𝑘 ≔  

(−𝑥)𝑘

𝑘!
,     (6)                   

From (6), we see that.  

 

𝐿0(𝑥) = 1,     𝐿1(𝑥) =  1 − 𝑥,    𝐿2(𝑥) =
1

2!
(2 − 4𝑥 + 𝑥2),     𝐿3(𝑥) =

1

3!
(6 − 18𝑥 + 9𝑥2 − 𝑥3), … ; 

 

Also from (6), we can deduce the corresponding generating function: 

 

∑ 𝐿𝑛(𝑥)

∞

𝑛=0 

𝑞𝑛 = ∑[ (1 + 𝛽) 𝑞 ]𝑛

∞

𝑛=0 

=
1

1 −  (1 +  𝛽) 𝑞
=

1

1 −  𝑞
 ∙

1

1 − 
𝑞 𝛽

1 − 𝑞

=
1

1 −  𝑞
[1 +

𝑞𝛽

1 −  𝑞
+ (

𝑞𝛽

1 −  𝑞 
)

2

+ ⋯ ],   (7) 

                                                                                                                                                                            

=
1

1 −  𝑞
[1 +

𝑞

1 −  𝑞
(−

𝑥

1!
) + (

𝑞

1 −  𝑞
)

2

(
𝑥2

2!
) + (

𝑞

1 −  𝑞
)3 (−

𝑥3

3!
) + ⋯ ] =

1

1 −  𝑞
𝑒

− 
𝑞 𝑥

1 − 𝑞 ,  

 

c).- Melzak’s identity [6, 8, 16-19]: 

We now consider the function. 𝑓(𝑥 + 𝑦) = 𝑥 (
𝑥 + 𝑛

𝑛
) ∑ (

𝑛
𝑘

)𝑛
𝑘=0 (−1)𝑘 𝑓(𝑦 − 𝑘)

𝑥 + 𝑘
 ,   𝑥, 𝑦 ∈  ℂ, 𝑛 ≥ 0,   𝑥 ≠ 0, −1, −2, … , − 𝑛,  

(8) or any algebraic polynomial 𝑓(𝑡) up to degree n;  

 

Then from (1) and (8) we obtain 

 𝑓(𝑥 + 𝑦) = 𝑥 (
𝑥 + 𝑛

𝑛
)

(−1)𝑛 𝑛!

2𝜋 𝑖
∳
𝐶

𝑓(𝑦 − 𝑧)

𝑥 + 𝑧

𝑧 (𝑧 − 1)⋯(𝑧 − 𝑛)
 𝑑𝑧 ,      𝑥 ≠ 0, −1, … , − 𝑛,    (9) 

 

for example, from (9) with 𝑓(𝑡) = 1 we obtain 

  

1 = 𝑥 (
𝑥 + 𝑛

𝑛
)

(−1)𝑛 𝑛!

2𝜋 𝑖
∳
𝐶

1

𝑥 + 𝑧

𝑧 (𝑧 −  1) ⋯ (𝑧 −  𝑛)
 𝑑𝑧 

(2)
= (

𝑥 + 𝑛
𝑛

) (−1)𝑛 𝑛!  ∑
(−1)𝑗

𝑥𝑗

∞

𝑗=𝑛 

𝑆𝑗
[𝑛]

, 

which simplifies to Melzak’s identity given by  

 

∑
(−1)𝑗

𝑥𝑗
∞
𝑘=𝑛 𝑆𝑗

[𝑛]
=

(−1)𝑛

(𝑥 + 1)(𝑥 + 2)⋯(𝑥 + 𝑛)
 .                     (10) 

III. CONCLUSION 

Using the Nörlund-Rice integral formula as in (1), we have 

considered some specific functions in three possible cases. 

In particular, by thinking, 𝑓(𝑧) = 𝑧𝑚We proved a 

recurrence relation satisfied by Stirling’s numbers of the 

second kind, as stated in Theorem 2.1. Using the function 

𝑓(𝑧) =
𝑥𝑧

𝑧!
 we have obtained nice expressions related to 

Laguerre polynomials and we have also used this formula to 

determine the generating function for such polynomials. 

Finally by considering 𝑓(𝑥 + 𝑦) =

𝑥 (
𝑥 + 𝑛

𝑛
) ∑ (

𝑛
𝑘

)𝑛
𝑘=0 (−1)𝑘 𝑓(𝑦 − 𝑘)

𝑥 + 𝑘
 we have obtained the 

Melzak’s Identity as described in (10). These results and 

connections will provide new insights and rich applications 

of the famous Norlund-Rice Integral formula. By 

considering additional functions, as we have done in this 

paper, researchers can aim to obtain more compelling results 

in the future.  

DECLARATION STATEMENT 

After aggregating input from all authors, I must verify the 

accuracy of the following information as the article's author. 

▪ Conflicts of Interest/ Competing Interests: Based on 

my understanding, this article has no conflicts of interest. 

 

 

 

 

 

http://doi.org/10.54105/ijam.B1175.04021024
http://www.ijam.latticescipub.com/


Indian Journal of Advanced Mathematics (IJAM) 

ISSN: 2582-8932 (Online), Volume-4 Issue-2, October 2024 

9

Published By: 

Lattice Science Publication (LSP) 

© Copyright: All rights reserved. 

Retrieval Number:100.1/ijam.B117504021024 
DOI: 10.54105/ijam.B1175.04021024  

Journal Website: www.ijam.latticescipub.com 

 

▪ Funding Support: This article has not been sponsored 

or funded by any organization or agency. The 

independence of this research is a crucial factor in 

affirming its impartiality, as it was conducted without 

any external influence. 

▪ Ethical Approval and Consent to Participate: The 

data provided in this article is exempt from the 

requirement for ethical approval or participant consent. 

▪ Data Access Statement and Material Availability: The 

adequate resources of this article are publicly accessible. 

▪ Author's Contributions: The authorship of this article 

is contributed equally to all participating individuals. 

REFERENCES 

1. N. E. Nörlund, Vorlesungen über differenzenrechnung, Chelsea (1954). 

2. D. E. Knuth, The Art of Computer Programming, vol. 3, Addison-
Wesley, New York (1973). 

3. P. Flajolet, R. Sedgewick, Mellin transforms and asymptotics: Finite 

differences and Rice’s integrals,  
4. Theoret. Comput. Sci. 144, No. 1-2 (1995) 101-124. 

5. P. Kirschenhofer, A note on alternating sums, Electron. J. Combin. 3, 

No. 2 (1996) Paper R7 
6. P. Kirschenhofer, P. J. Larcombe, On a class of recursive-based 

binomial coefficient identities involving  
7. Harmonic numbers, Util. Math. 73 (2007) 105-115. 

8. K. N. Boyadzhiev, Notes on the binomial transform, World Scientific, 

Singapore (2018). 
9. Ch. Benjes, Properties of Stirling numbers of the second kind, Master's 

Thesis, Naval Postgraduate School,  

10. Monterey, Calif.-USA (1971). 
11. J. Quaintance, H. W. Gould, Combinatorial identities for Stirling 

numbers, World Scientific, Singapore  

12. (2016). 
13. V. Barrera-Figueroa, J. López-Bonilla, R. López-Vázquez, On Stirling 

numbers of the second kind,  

14. Prespacetime Journal 8, No. 5 (2017) 572-574. 

15. E. N. Laguerre, Sur l’ intégrale ∫ 𝑥−1∞ 

𝑥
𝑒−𝑥 𝑑𝑥,Bull. Soc. Math. France 

7 (1879) 72-81. 
16. F. Pidduck, Laguerre polynomials in quantum mechanics, J. London 

Math. Soc. 4, No. 1 (1929)    

17. 163-166. 
18. C. Lanczos, Linear differential operators, SIAM, Philadelphia, USA 

(1996). 

19. M. E. H. Ismail, Classical and quantum orthogonal polynomials in one 
variable, Cambridge University  

20. Press (2005). 

21. J. López-Bonilla, V. M. Salazar del Moral, R. López-Vázquez, On 
some identities for the Laguerre  

22. Polynomials, Prespacetime J. 8, No. 10 (2017) 1251-1254. 

23. X. Pan, X. Guo, Some New Identities Involving Laguerre Polynomials, 
AIMS Math. 6, No. 11 (2021) 

24. 12713-12717. 

25. 16.Z. A. Melzak, Problem 4458, Amer. Math. Monthly 58, No. 9 
(1951) 636. 

26. U. Abel, H. W. Gould, J. Quaintance, New proofs of Melzak’s identity, 

arXiv: 1603.07006v1 [math. CO] 

27. Mar (2016). 

28. J. López-Bonilla, J. Yaljá Montiel-Pérez, S. Vidal-Beltrán, On the 

Melzak and Wilf identities, The J. of  
29. Middle East & North Africa Sci. 3, No. 11 (2017) 1-3. 

30. M. Gessel, On Miki’s identity for Bernoulli numbers, J. Number 

Theory 110, No. 1 (2005) 75-82. 

AUTHOR’S PROFILE 

Dr. R. Sivaraman, an Associate Professor at Dwaraka 

Doss Goverdhan Doss Vaishnav College, Chennai, has 
25 years of teaching experience at the College level. He 

was conferred the National Award for Popularising 

Mathematics among the masses in 2016 by the 
Department of Science and Technology, Government of 

India. He was conferred with the Indian National 

Science Academy (INSA) Teaching award for the year 2018. He has also 
received the State Government's Best Science Book Award in 2011 and 

2012. He has provided more than 400 lectures conveying the beauty and 

applications of Mathematics. He has published over 200 research papers 
and completed his Postdoctoral Research Fellowship and doctorate in 

science. He has written 32 books to popularise mathematics among the 

general public. He was a member of the Textbook Writing Committee of 
the Tamil Nadu School Education Department, responsible for preparing 

the revised mathematics textbook for the eleventh class, and the 

chairperson for the tenth class. He has won more than 75 prestigious 
awards for his distinguished service to mathematics.  He has been offering 

free courses to college students from impoverished backgrounds for many 

years. Propagating the beauty and applications of mathematics to everyone 
was his life mission. 

 

Mohammed Muniru Iddrisu is a Professor of 
Mathematics at the University for Development Studies, 

Ghana. He holds a PhD in Mathematics and has 

supervised several undergraduate and postgraduate 
theses. His research interests include Mathematical 

Analysis, Coding Theory, Cryptography, and Mathematical Statistics, with 

an emphasis on Inequalities and Special functions. He is a member of many 
professional bodies. He has published several papers in reputed 

international journals. His passion is conducting research in mathematics 

and training several young students to pursue a career in mathematical 
research.  

 

Professor José Luis López-Bonilla is a Teacher and 
Researcher at National Polytechnic Institute, Mexico city, 

and his Ph D is in Theoretical Physics: Electrodynamics 
[motion of classical charged particles], Special and 

General Relativity [Petrov classification, Lorentz matrix, 

Lanczos potential, Embedding of Riemannian spaces, Newman-Penrose 
and 2-spinors formalisms], Quantum Mechanics [matrix elements for 

several potentials] and Classical Mechanics [constrained Hamiltonian 

systems]. Besides, he has strong interest in Mathematical Methods Applied 
to Engineering [for example, importance of the SVD method in 5G 

technology] and also in specific topics in Number Theory such as: 

Partitions, Representations of integers as sums of squares, Combinatorics, 
Bernoulli and Stirling numbers and Recurrence relations for arithmetical 

functions. 

 

 

Disclaimer/Publisher’s Note: The statements, opinions and 

data contained in all publications are solely those of the 

individual author(s) and contributor(s) and not of the Lattice 

Science Publication (LSP)/ journal and/ or the editor(s). The 

Lattice Science Publication (LSP)/ journal and/or the 

editor(s) disclaim responsibility for any injury to people or 

property resulting from any ideas, methods, instructions or 

products referred to in the content. 
 

http://doi.org/10.54105/ijam.B1175.04021024
http://www.ijam.latticescipub.com/

