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On the Polynomial Structure of 13, (n)
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Abstract: If r,(n) is the number of representations of a
positive integer n as the sum of k squares, then r,(n) is a
polynomial in k of degree n; here we exhibit expressions for
certain coefficients through this polynomial.
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I. INTRODUCTION

In [11[17]]18][19][20][21] is proved the following

recurrence relation for r, (n),the number of representations
of n as a sum of k squares [2-4]:

nn(m) =2k Y7, A ne(n — ), 1)
such that:
A = 17 Yoaa aij %' 2

then is easy to obtain the values
-2, A(3) =4, A(4) = —4, etc.
sequence studied in [5]:

A1) =1, AQ2) =
, thus it appears the

1,-2,4,-4,6,-8,8,-8, 13, -12, 12, -16, 14, -16, 24, -16, 18,
-26, 20, -24, 32, -24, 24, -32, 31, -28....... , (3)

associated 104186690 (n) = (—1)""1 4002131 (n) [6, 7],
hence:

A(n) = {_ (c(n) —o (g)) , niseven, 7

o(n), nis odd,
involving the sum of divisors function o (n) [8-10].

From (1) it is clear that 7,(n) is a polynomial in k of
degree n:

nm) =a(mn)k*+an,n— Dk + - +an,2)k? +
a(n,1) k, (5)
Thus it is interesting to deduce explicit expressions for

the coefficients of this polynomial.

Manuscript received on 16 September 2023 | Revised
Manuscript received on 02 October 2023 | Manuscript
Accepted on 15 October 2023 | Manuscript published on 30
December 2023.

*Correspondence Author(s)

Dr. R. Sivaraman*, Department of Mathematics, Dwaraka Doss
Goverdhan Doss Vaishnav College, Chennai 600 106, Tamil Nadu, India.
E-mail: rsivaraman1729@yahoo.co.in, ORCID ID: 0000-0001-5989-4422

Prof. J. Lo6pez-Bonilla, ESIME-Zacatenco, Instituto Politécnico
Nacional, Edif. 4, 1er. Piso, Col. Lindavista CP 07738, CDMX, México. E-
mail: jlopezb@ipn.mx, ORCID ID: 0000-0003-3147-7162

S. Vidal-Beltran, ESIME-Zacatenco, Instituto Politécnico Nacional,
Edif. 4, ler. Piso, Col. Lindavista CP 07738, CDMX, México. ORCID ID:
0000-0003-3412-9630

© The Authors. Published by Lattice Science Publication (LSP). This is
an open access article under the CC-BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

Retrieval Number:100.1/ijam.A1162044124
DOI: 10.54105/ijam.A1162.103223
Journal Website: www.ijam.latticescipub.com

)

Check for
updates

Il. EXPRESSIONS FORa(n,n — m)

The use of (5) in (1) generates recurrence relations
between the coefficients of (5), which can be solved
applying the Zeta-transform to obtain the useful relations:

n

2
an,n)=—, n=>1, a(n,1) =— A(n), n=1,
n! n
2n—1 -
a(n,n—l)——(n_z)!, n=2, a(n,n—2) =
23 3n-1)
TR nz=3, (6)
_3) = ) (3= ) —
a(n,n—3) = Py , n=>4 ann—4)=
2"=718(85n—371) . 15(n+9)
45 [ (n-5)! (n—7)!]’ n 2 Set.

which allow to reproduce several polynomials type (5)
reported in the literature, for example [8, 11]:

(1) = 2k, 1.(2) = 2k(k — 1),

4
=3 k(k—1)(k -2),

7. (3)

ne®) =2 k[32k = 1) + k(k = D(k = 5)], 7 (5) =
= k(k = 1)[3(2k — 3) + k(k — 4)(k — 5)], (7)

1. (6) = % k(k —1)(k —2)[45
+ (k= 3)(k - Dk - 5],

1 (7) = % k(k — 1)(k —2)(k —3)(k® — 15k? + 74k
—15),

IN [12] it was shown that the a(n, m) can be written in
terms of partial exponential Bell polynomials [13-15].
Remark: The solution of (1) is given by [16]:

1 (n) = %Bn(Zk- 01 A(1), 2k - 11 A(2), 2k -

21A3),...,2k - (n — DI A(n)), (8)
involving the complete Bell polynomials.

I11. CONCLUSION

The primary objective of this paper is to express the
structure of number of representations of a positive integer n
as the sum of k squares namely ry(n) in terms of polynomials
whose coefficients forms interesting class of numbers. In
particular we have expressed in terms of a polynomial
whose coefficients depends on sum of divisors function o(n)
as presented in (5).
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On the Polynomial Structure of r(n)

Applying zeta transforms for a(n,n —m), we have
obtained nice polynomial expressions for r(n) fromn =1 to

7 both inclusive. From these expressions, we notice from
(7), that r(n) is a polynomial of degree n in k. Finally
through expression (8), we have presented the connection
ri(n) and the complete Bell polynomials. These novel
expressions may provide additional insights to already
existing vast literature regarding the structure of ri(n).
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