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Partial Group Representations on Semialgebras

Meenakshi, R. P. Sharma

Abstract: Let A be an additively cancellative semialgebra
over an additively cancellative semifield K as defined in [9].
For a given partial action a of a group G on an algebra, the
associativity of partial skew group ring together with the
existence and uniqueness of enveloping (global) M.
Dokuchaev and R. Exel studied action [2] which were
extended for semialgebras with some restriction by Sharma
et. al. using the ring of differences. Similarly, we extend the
results of [2,3] for semialgebras regarding partial
representations.
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I. INTRODUCTION

This paper is a continuation of Sharma et. al.

[11], wherein the authors gave some applications of
some of the theorems of the partial (G, @) —sets and to
distinguish the labelling of partial actions. For a given
intense partial action (a, A) of a finite group G on an
additively cancellative yoked semialgebra A, a morita
equivalence between Partial Actions and Global
Actions between skew group semirings arose from the
partial action that has been constructed in [10]. Now,
exploring different analyses of the generalized form of
partial actions, Sharma et. al. [9] defined the tensor
product of semi-modules over semirings, and they
showed that, concerning the defined tensor product,
the category (K — Smod, ®, K) becomes a
monoidal category, where K is a commutative,
additively cancellative semiring with identity. The
monoids of this monoidal category are
K —semialgebras. Defining semialgebras, the
authors in their paper studied the global actions of
partial actions on semi algebras and the conditions
for associativity of partial skew group semirings.

In this paper, we study partial representations of partial
actions on semi algebras. We recall from [2] that
partial action a of a group G on a semi-algebra is
defined as:
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Definition 1.1. A partial action o« of G on a
set X is a pair @ = {{Dg}gec,{¥g}gec}, where for
each g € G,D, is a subset of X and oy : Dy-1 —
D, is a bijective map, satisfying the following three

properties for each g,h € G:

(i) Dy = X and a@; = IdX, the identity map on
X,
(i)ag(Dg-1 N Dy) =Dy N Dgyp,
(ii) ag(an(x)) = agn(x)
Dh‘lg—l .

for x € Dp-1 N

Following [1], for convenience, we write 3g - x to mean
that g - x is defined; more precisely, 3g - x means x €
Dg-1 and g-x € Dy . Thus from [1], we have an

equivalent definition of a partial action of a group on a
set as follows:

Definition 1.2. The partial action «a of a group G on
a set X is a partial function from G X X to X
together with the following conditions:

(PA1) 3e - x for all x € X and e - x = x, where
e is the identity of G;
(PA2) 3g - x implies that 3g~! - (g - x) and g~ -

(g x)=x,g€ Gand x € X;

(PA3) 3g - (h - x) implies that 3gh -x and g -
(h - x) = (gh) - x.

In case X It is a semi-algebra; partial maps are semi-
algebra homomorphisms. Throughout this paper, G
is a finite group acting partially on an additively
cancellative K—semi-algebra A, where K is an
additively cancellative semi-field. The identities of
both A and K are denoted by 1 and the identity of
G by e.

If G is a finite group and K is a field, then the
representation theory of G on K- algebras are
identical to the representation of the associative
group algebra KG. The associative partial group
algebra of G, denoted by Kpar(G) plays a similar
role for the partial representations of G. In particular,
for a finite group G, there is a one-to-one
correspondence between the partial representations of G
and the representations of Kpar(G), which is
isomorphic to a groupoid semialgebra KI'(G). These
results are proven in section 3.
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Partial Group Representations on Semialgebras

In section 4, we show that. KI'(G) is a direct sum
of matrix semialgebras over the semirings KH,
where H is a subgroup of G.

II. PRELIMINARIES

First, we recall the definition of a variety from Mac
Lane S [7][8].

Definition 2.1. (Variety of algebras) An algebraic
system of a type T is given bya set Q) of operators and
a set E of identities. The set 1 The number of
operators is a graded

set; that is, a set Q with a function which assigns to
each w € Q) a non-negative integer n called the arity
of w. From the given operators QAWe can form the
set A of all derived operators; given w of arity n and
n  derived operators A4,42,...,An  of
my,my,...,M,, the “composite” (41,12,...,An)wis a
derived operator of arity my +my+...+my;
given Aof arity n and f: n — m any function
from {1,2,...,n} to {1,2,...,m}, substitution of f in
A gives a derived operator 8 of arity m, described in
terms of variables X; as 6(X1,Xz,..., %) =
A (Fxyr fxy s+++0 fxn). The set E of identities for
algebraic systems of type T is a set of ordered pairs
(4, 1) of derived operators, where A and p have the

arities

also

same arity n. If S is any set an actionof Q on Sis a
function f which assigns to each operator w of arity
n an n —ary operation wy : S™ — S.

An action f of Qon S satisfies the identity (4, ) if
Af = Hp : S" - S.

An (Q,E)—algebra is a set S to gather with an
action f of Q on S which satisfies all the identities of
E.

A morphism g:f — f " of (Q, E) —algebras
are afunction g:S - S’ on the underlying sets,
which preserves all the operators of € in the sense
that g((al' a2""'am) wf) =
(gai, gay,...,gap)ws  forall a; €S, where f and

v " are actions of Q on S and S respectively.

The collection of all small {Q, E') —algebras, with
their morphisms as arrows, isa category (Q,E) — Alg,
often called a variety.

Definition 2.2. (Katsov Y.[6]) An algebra A of type
T is called abelian if for each algebra B of type t
the following conditions hold

(i)For any n — ary (n = 1) operator w and
morphisms of algebras @1, Pz,..., P, from B to A4, the
function®; @3 ... Ppw defined by

(P1¢2 .- Ppw)b = (P1b)($2D) ... (pub) w for b EB

is a morphism from B to A.
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(i) For any nullary operator w, the function
¢w:B = A defined by (pw) b = Ow,b € B, where
Ow is the element in A distinguished by w; is a

morphism of algebras.

A variety whose all algebras are abelian is called an
abelian variety.

Example 2.1. Let M the category of all commutative
monoids. Then M is a variety. Here Q contains two
operators, the product and the assignment of identity
element e, of arities 2 and O respectively, and E
contains (i) the axiom for the identity (ex = x =
xe) ; (i) the associative and commutative laws.

Let F,G €M and F (F,G) denote the free
monoids generated by F X< G, p be the congruence

on F (F,G) generated by the pairs
((alaZ’b)J (all b)(aZ’ b)) and
((a,b1b; ), (a,b1) (a,by)). Take FQ®G as

F(F.G) [p. Let F1,Gy € and a € F(F,Fy) and

B € M(G,G,), the assignments (F,G) — F ® G and
(@, B)— a® P determine the Dbifunctor _ &
M x M — M. Since M is an abelian variety. So,
the bifunctor . ® M XM — M is an intemal tensor
product by Katsov Y. [6].

Now we recall some results and definitions from [9].

Let K — Smod and Smod — K denote the
categories of left and right K — semi-modules,
respectively, over a semiring K. The following three
results can be derived easily in this category. Mof
commutative monoids in place of commutative
inverse monoids, and without assuming K an
additively regular semiring as in Katsov Y.

Proposition 2.1. Let N be a commutative monoid,
G1,G € K—Smod and n € K — Smod (G1,G. Let
MM 1y):M(G,N) - M(Gy,N) be the map

dp—->1y > p°n ¢ € M(G,N). Then
assignments G = M(G,N) andn — M@, 1y)

for the

determine the additive functor N  from (K —

Smod)°? to Smod — K.

Proposition 2.2. Let G be a left K—semimodule,
N,M €M and £ € M(N,M). Let M(1g, ) -
M(G,N) = M(G,M) be the map 8 — f°0°1,
for 6§ € M(G,N). Then the assignments N -
M(G,N) and f = M(1g f) determine the additive
functor (_)%from M to Smod — K.

Proposition 2.3. For G,G; € K —Smod,N,M €
M,n € K —Smod (G1,G) and f € M(N, M), let
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MM, f):M(G,N)—> M(G1,M) be the map 0+
f°6°1; for € M(G,N ).

Then the assignments (G,N) — M(G,N)
(n, f)w— M@, f) determine a bifunctor
(K — Smod) °P x M into Smod — K.

and
from

Definition 2.3. (Tensor product of semimodules)
Let FESmod — K and G € K —Smod then both
F and G are commutative monoids, so are in Mand
therefore has a tensor product F @ G (considered as
commutative monoids). The tensor product F @k G is

defined as the factor monoid (F ® G)

the congruence on F @ G generated by the pairs
(xk @ y,x ® ky) forall x € F,y € G and k € K.

/ o, where o is

Given F,G € M, let bih(F,G) denote the category
having bihomomorphisms f : F X G — C as objects,

and morphisms between bihomomorphisms f :
F XG - C and fi: FXG->(C are
homomorphisms a:C — C; of M such that a °
f =h.

Lemma 2.1.If F € Smod — K and G € K — Smod,

then for any balanced product (C,f ) of F and G
there exists a unique morphism of monoids ¢ :
F Qg G — C such that £ = ¢ og , where g is the

h
composition of the morphism F X G —>F QG

5F ®x G; h is the initial object in the category
bih(F,G) and m is the canonical epimorphism.

The wusual tensor product [5] is not valid for
semimodules over semirings, and the category K —
Smod is not a monoidal category concerning the tensor
product defined in [4]. However, the tensor product
defined in [10] gives

Theorem 2.1. Let K be a commutative semiring.
Then (K — Smod,® K,K)
category.

iS a monoidal

Definition 2.4. The monoids in the monoidal
category (K — Smod,® K,K,a,A,0) are called
K —semialgebras.

III. PARTIAL GROUPOID SEMIALGEBRAS

Let G be a finite group with the identity e and
K —an additively cancellative semi-field. The
partial groupoid semialgebra Kpq,r(G) It is defined
similarly to the partial groupoid algebra. In this
section, we consider a groupoid./'(G) constructed
for G in[3] which gives KI'(G) = K,q,(G) and there
is a one-to-one correspondence between the partial

representations of G and the representations of
KT (G). First, we define

Definition 3.1. A partial representation of a group
G into a unital K-—semialgebra Ais a map m: G —
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A such that for all g,h € G, we have
n(@OrWnth ™ D =n(gh)nth ™ 1),n(g ™

Dyr(gyn(h) = n(g~ Dr(gh) and n(e) = 1,
where e is the identity of G. Denote by Kpar(G), the
universal

K —semialgebra generated by symbols

{[g], g € G} satisfying the following conditions:
(D) [e] = 1;

(2) [s7H1Is1Mt] = [s™'1[st];

3) [s1[t][t™1] = [st][t™1]; for all s,t € G.

Remark 3.1. The map g = [g] is a partial representation of
one Kpar(G). If A is an additive cancellative
K —semialgebra and m : G — Ais a partial representation
of G on A, then m extends uniquely by linearity to a
representation $: Kpar(G) = A(Pp([g]) = ().
Conversely, if ¢ : Kpar(G) — A is a unital homomorphism
of K —semialgebra, then m(t) = ¢([t]) a partial
representation of G on A.

is

We show that for a groupoid I'(G), there is a one-to-one
correspondence between the partial representations of G and
the representations of groupoid semialgebra KI'(G). First,
we recall the definition of I'(G). from [3]. For a finite
group G, I'(G) = {(I,9)|lg € G and e,g”* €1 <€ G},
so for (I,g)€rl'(G) we have e, g € gl. The
multiplication of pairs (I, g), (J, h) in I" is defined if | = hJ
and in this case

(h.,g9) - U.h) = (,gh)

The groupoid K—semialgebra KI'(G) is given by
Yia; v« €K,y; €T} in which the sum is component-
wise and the multiplication is given by:

Fora(l,g9),8(,h) € KI'(G),

a(l,g) - BU,h) = {“ﬁ(l.gh),ifI =

0, otherwise

Note that if K is additionally cancellative, then KI'(G) is
additionally cancellative. Hence, both K* and (KT(G))%
exist, and in this case, we have

Lemma 3.1. K“I'(G) is a groupoid semialgebra and

(KT(G))" = KAT(G).
Proof. Since KT(G) is by [9]
(KF(G))A = KT(G)" is K* —Algebra. Hence, it suffices to

show that. (KT'(G))" = K2T(G).

K — semialgebra,

Define a map f: K°T'(G) = KT'(G)* by
fYi((a; — Byi) = Liawyi— XiBivi 3.1
Since {y;} are K —basis for K*T'(G) and K —basis for

KI'(G), ¥:i((a; — By = Xi(a’; — B;)y:), implies
(a; — B) = (a'y — B;) for
all i, so that (a;+ B]) =
(ai + B). Therefore,
(v + Biv) = (o' vi+
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Bivi) and hence X aiyi— XiBivi Xia'ivi—
Y. Biviproving that the map is well-defined. it followsg
the steps, it follows that f is one-one. For one, let
Yiayi— XiBivi €KI(G)®.  Then ¥y((a; — B)y:) €
K2T(G) and

fQi((ai — By =Xiayi— XiBivi

Now, we will show that. f is a homomorphism. For, let
Y1 Y2 € I'(G), wherey; = (h],g)andy, = (J,h) ,then

f(ar =Bys - (az = B2)y2) = f ((ar —
B1)(h],g) (az—B)U,R) =f((ay — B )(a, —
B2 )W, g)U,h) = f ((ay — By )(az — B2)U, gh) =
f((alaz + B1B2) — (a1, + ﬁlaz)(]vgh)) =
(aray + B1B2)U, gh) — (@1, + Braz)(, gh) =
(ar =B1)(h],g) (az —B)U, M) =f((a; —
b1 )Vl)f(((az =B )Vz)-

We note from the above Ilemma that
KT'(G) embeds in K”TI'(G) as K embeds K? and
the elements (I/,e) € I'(G) They are mutually
orthogonal, and their sum is the identity in both.
KT'(G) and K2T'(G).

LeZmma 3.2. The map Ap:G — KI'(G = K°T(G)
defined by Ap(g) =Ye1a(l,g) is a

representation of G.

partial

Proof. This follows by using the multiplication in
I'(G) and the fact that) .c(I,e) = 1.

Theorem 3.1. There is a one-to-one correspondence

of Gand the
representations of KI'(G). More precisely, if A is any
additively cancellative unital K-semialgebra, then m: G —
A is a partial representation of G if and only if there exists a
unital semialgebra homomorphism 7: KI'(G) = A such that

between the partial representations

T = ToA,. Moreover, such a homomorphism T is
unique.
Proof. If T:KI(G)—> A is a unital

homomorphism of K - semialgebras, then we have to
show that the composite map 7 = °Ap: G = Aisa
partial representation of G on A. Since T is a
unitary semialgebra homomorphism 7: KI'(G) — A,
therefore mw(e) =1. For g,h€G, we have
n(gym(g)m(h) = _

T(del(l'g_ )g T[(Zg—lel(l' g)nZh‘le](]' h) =
Rg-1eU, )T Yp-1¢,(, h) =

ﬁ(Zg_1EI(1i g) Zh—1e](]' h)) = 7T(Zh_lg_héj(]l h))

h~1lgj

On the other hand, n(g~Dn(gh) =
(X ger(L g™ E(Xp-1g-1ep(D, gh) =T (Tp-14-1ep(ghD, g ™) (D, gh) =

ASprgenD ),  so  that (g Omlg)mth) =g m(gh).

Simiﬁl—;?;, we can verify that. w(g)mr(W)m(h™!) =
r(gh)m(h™1).

Conversely, suppose m: G — A— A® be a partial

representation of G on A, so by [3, Theorem 2.6 ], there

exists a unital homomorphism 72: KT'(G) - A% such that
— mA

T =f" 04,
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We note from[3, Theorem 2.6] that for all elements
(1,9) in I'(G), we have #2(,9) =
1@ e e (1 =€), where () =
n(r)m(r~1), g € G. Hence, (1, g) € A, since 7 is initially
a map from G to A. As K°T(G) = (KF(G))A, let T be the
restriction of #* on KT(G). Then #(Xa;(, g;)) =
Ya;(l,g;) €A as@t(l,g) € Aforall (I,g) € TG).

Hence, we have the map. #*: KT'(G) — A, a homomorphism
which satisfies 7 (?\p (g)) = m(g). Suppose there exists
another homomorphism. t: K['(G) = Asuch that m =

T o Ap with @' # @ Then T can be extended to a
homomorphism ‘L'A((Ol - ,8))/) =t(ay) —t(By),a,B €
K,y € I'(G). Obviously, 2 also satisfies m = 7 o A, . This
contradicts the uniqueness of 72 as T # # implies T2 # 7% .

Corollary 3.1. The groupoid semialgebra KI'(G)is
isomorphic to the partial group semialgebra K., (G).

Proof. The maps []: G > Kp,(G), given by g — [g] and
Ap : G = KI'(G) are partial representation of G. By the
universal property of the two semialgebras K, (G) and
KI'(G), there exists a unital K —semialgebra
homomorphism TKI(G) - Kpar (G) and o :
Kpar (G) — KI(G) such that #(Ap (g)) = [g] and
¢([g) = 4 (@.

Now, for the compositt map e ¢: Ky (G) —
Kpar (G), we have T ° ¢ ([g]) = (2,(9)) = [g]

And for the composite map ¢ o T: KT'(G) — KT(G), we
have ¢ o #(Sg-1¢/(1,9)) = b o 7 (1,(9)) = p(m(9)) =
2,(9) = ¥ 4-1¢,(I, g), that is, these maps are the identities
on their domains, since {[g]: g € G} is the set of
generators for K,,,,-(G) and {(I/,g) € I'(G)} is the set of
generators for KI'(G).

IV. STRUCTURE OF THE PARTIAL GROUP
SEMIALGEBRAS

In this section, we study the structure of the
groupoid semialgebra KT(G) which is isomorphic to
Kpqr (G); we prove that KI'(G) is the direct sum of matrix
semialgebra over the semirings KH, where H is any
subgroup of G. We follow the following notation from [3].
Given a finite group H and a positive integer m, let T2
denote the groupoid whose elements are triplets (h, i, j)
where h € i, j close paren, dot, open paren h, j, k close
paredefined by open paren g, i., j close paren, dot, open
paren h, j, k close paren, equals, , paren g, h, i.pen paren g,
hi. andefined by, j close paren, equals, j and rdefined by
open paren g, i., j close paren, dodefined by open paren g, i.,
j close paren, dot, is defined by open paren g, i., j close pare,
dot, opis given by (g, 1, j), (h, j, k), equals (g, his defined by
elements of the open paren g, is defined by elements of the
open paren g, h, i, i k) g ois defined by elements of the open
paren g, h, is defined by elements of the open paren g, h, is
defined by elements of the,
open parenthes is g, iis
inj and r(h,i,j) = i. The
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product is in by element (g h,i. The units of L are the
elem ents of the form (e, i,i);i = 1,2,...,m. A groupoid I
is represented with an oriented graph E, whose vertices are
the units of the groupoid, and each element y € I' gives an
oriented edge of E from the vertex s(y) to the vertex r(y).
A connected component of E gives a subgroupoid of I'.

In the case of the groupoid TH, the corresponding graph
Ern has precisely m vertices, and between any two
vertices there are precisely |H| oriented edges (in each

direction) labelled by the elements of H.

Proposition 4.1. Let I' be a groupoid such Erthat is
connected and m = |I'(®)]| is finite. Let x; be any vertex of
Er, and H be the isotropy group of x;, which is defined by
H ={y € I':s(y) = r(y) =x}. Then

(1) r=ri

(2) KT = M,,(KH).
The proof of (1) is same as in [3].

Before proving (2), we prove a result which will be used to
define an isomorphism between groupoid semialgebra KI'
and M,,,(KH).

Lemma 4.1. Let K be an additively cancellative semifield
and H be any groupoid. Then M,,(KH) = M,,(K)®xKH,
where @ is defined as in [9].

Proof. Since M, (K) is a right K —semimodule over
K and KH is a left K —semimodule over K, we
define a map f:M,,(K) Xx KH - M, (KH), where
M,,(KH) is an additive abelian group, such that f (4, ah) =

(ai,jah)mxw

Then (M,,(KH), f)is a balanced product of M,,(K) and
KH. Therefore, by Lemma 2.1, there exists a unique
homomorphism of semimodules.  ¢: M, (K)®xKH —
M,,(KH) defined by ¢(AQxh) = f(A,h) such that
f = ¢ oi, where i is the map from M, (K) X
KH to M,,(K)®kKH defined by (a,b) » (a ® b).

Now, we have to prove that. ¢ is one-one and onto.
For, define a map ¢:M,,(KH) - M,,,(K)®gKHgiven by
o([aijlmxm) = Xij(e;j®a;;) where {e)ij =
1,2,...,m} denotes the set of matrix units of M,,(K;i.e., ejj
is the matrix with null entries, except for the entry in the
position (i, j) which is equal to the identity of K. Clearly,¢
is a homomorphism of K —semimodules.

Now,

o - (p([aij]mxm) = ¢((p([aij]m><m)
=¢ Z(ei,-@ai,- )
iJ
= [aij]mxm
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And  @o¢p=¢(d(AR%;a;h)) = o(fF(A T ai b)) =
(p([bij]mxm): where  b;j = a;; Y a;h; = Zi,j(eij ®
b;; ) =AQ ) a; h;, that is the two composite maps ¢ o ¢
and ¢ o ¢ are the identity maps on their respective domains.
Therefore, @ is the inverse of ¢; hence ¢ is one-one

and onto, from which we have Mm (K H) = Mm(K)
QK KH.

Proof of Lemma 4.1.(2). Let {(eij ). i,j =

1,2,...,m} be as in above lemma. For any group
H, the map (h,i,j) — ei,j @ h extends by linearity to
a K -semialgebra isomorphism between K&K 7I35;  and

Mm (K) QKKH=Mm(KH),which gives the
required result.

Theorem4.1. The semigroupoid semialgebra KI'(G) is
of the form KI'(G) = ne e e (H)M,, (KH)

1=m=<(G:H)

( cm(H)M,,,((KH) means the direct sum of c,,(H)
copies of M,,((KH), where

Cn(H) = <((Gr:nH—)I 1)> - H<B=G

(B:H)|m

Proof. Let I be any subset of G containing the identity
of G. Let H = S(I), the stabilizer of I in G, given by
SU) = {g€G:gl =1I}In the graph Epy, S) is
identified with the set of edges departing and
terminating at the vertex (/,e).Since e € I, we have
H < I. Since H acts on the left on I, then I is the
union of right cosets of H, say I = U Ht;, t, =e,
where m = % As observed in [3, Theorem 3.2] the
sub-groupoid of I'(G) corresponding to the connected
component of the vertex [ of the graph Ery is
isomorphic to the groupoid T'Z. Observe that the
stabilizer of I, which is H, coincides with isotropy
group of the unit (I,e) € I'(G)® . Hence, by
Proposition 4.1, the semialgebra M, (KH ~ KTH is a
direct summand of KT'(G) and

K[(G) =  n<c @ cn(H)M,,((KH).
1sm=(G:H)

(C&ﬂH(B)
(B:H)

A

( e cm(H)Mm((KH)) ,which gives
1<sm=<(G:H)

KT(G) = nee ® Cm (H) (M (KH))? =

1=sms=(G:H)

hs6 O Cm(H) (M ((K2H)).

1<sm=(G:H)

The rest of the proof follows from equation (14) of
[3].

V. CONCLUSION

For a finite group G, there is a one-one correspondence
between the partial
representations of G and
the representations  of
Kpar(G), which is
isomorphic to groupoid
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semialgebra KI'(G). We see that KI'(G) is the direct
sum of matrix semialgebras over the semirings KH,
where H is a subgroup of G.
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