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Derivation and Implementation of a Fifth Stage
Fourth Order Explicit Runge-Kutta Formula using

f (x, y) Functional Derivatives

Esekhaigbe Aigbedion Christopher

Abstract: This paper is aimed at using f(x,y) functional
derivatives to derive a fifth stage fourth order Explicit Runge-
Kutta formula for solving initial value problems in Ordinary
Differential Equations. The f(x,y) functional derivatives from
the general Runge-Kutta scheme will be compared with the
f(x,y) functional derivatives from the Taylor series expansion
to derive the method. The method will be implemented on some
initial value problems, and results compared with results from the
classical fourth order method. The results revealed that the
method compared favorably well with the existing classical fourth
order method.
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I. INTRODUCTION

This paper centers on separating the f(x,y) functional

derivatives from the f(y) functional derivatives, after using
the Taylor series expansion. This is aimed at generating a
fifth stage fourth order Explicit method that will improve
results. Scientific implementation of the formula on initial-
value problems of the form: y! = f(x,y), y(Xo) =yo, a <
x < b,is also considered with a view of studying its
performance. The essence is to see if the formula can
improve results. Recent works on Runge-Kutta analysis are
seen in [1], [2][14] and [9]. More recent works are that of
[8], [10] and [11]. The work of [3], [4] and [5] revealed
much successes in the analysis of explicit Runge-Kutta
methods and  their  various  modifications and
transformations. Conclusively, despite the fact that good,
reliable explicit Runge-Kutta formulae exist, there is still
need for their transformation to rooted tree diagrams as seen
in the works of [6] [15][16] [12] [13]and [7].

Il. METHOD OF DERIVATION

i.  From the general Runge-Kutta method, get a Fifth
Stage-Fourth order method,
ii. Obtain the Taylor series expansion of k;'.,sabout the

point (x,,, ), i=2,3,4,5
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iii.  Carry out substitution to ensure that all the &/, are in
terms of ki only.

iv. Insert the k;,s in terms of ki only into bk, + byk, +
bsks + byk, + bsks

2 Separate all f(x,y) functional derivatives with their
coefficients from all f(y) functional derivatives with
their coefficients.

Vi. Compare the coefficients of all f(x,y) functional
derivatives with the Taylor series expansion
involving only f(x,y) functional derivatives with
their coefficient of the form:

h
#oxc,) = £+ o fe
! 2
+ g(fxx + foxy + fxfy)
3

h
+ E (fxxx + 3ffxxy

+ 3f2fxyy + 3fxfxy
+ 5fhfey + 3ffafyy + faxly
+ £
vii.  As a result, a set of linear/non-linear equations will
be generated. Resolve the set of equations to get a
fifth stage fifth order Explicit Runge Kutta formula.

I11. DERIVATION OF THE FIFTH STAGE FOURTH-

ORDER ERK METHOD

From the scheme in (3.4.1), the explicit fifth-stage fourth-
order method is given below:

Yn+1 = Yn + h (biky + byk; + bsks + byks + bsks)
ky=f (xn: yn)

ky = f (xp+ c2 Y0 + hazikq)

ks = f (xp+ c3h, ¥, + h(azik; + aszks))

ky = f (xnt cah,yn + h(asiky + aszk; + agsks))
ks = f (xpt csh,yn + h(asiky + asyk; + aszks +
asqky)) (3.1)

Using Taylor’s series expansion for k;s, we have:

ky = f (xn' yn)

ke = Siop (c2h 5o+ haziks 3)" fCn, )

) 2 a

ks = S707 (6sh 52+ h(asiks + as2k) )7 f (s )
o a

ky = Zr:o%(cz}h W + h(asik, + ask, +
a

ay3ks) a)r fCenyyn)
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ks = E?:o%(csh aa_x+ h(asiky + asyk; + assks + assky) %)r fGon, ) (3.2)
Hence, we have:

ki =f

ky =+ (cohfy + hankif,) + = (cohfy + haxkif,)" +

L(eohfy + hazkif,)’ + = (cohfy + haykyf,)' + 0(R5)

ks=f+ (Cshfx + h(az k, + aszk;) fy) + %(Cshfx + h(az ik, + aszk;) fy)z
2 (cshfy + h(asiky + aszky) £,)° + S (cshfe + h(asiks + asskz) f,)" + 0(h®)
ky,=f+ (C4hfx + h(agk, + ask; + agzks) fy) +%(C4hfx + h(ask, +
ayky; + agzks) f,)? + %(Cz}hfx + h(agky + ask; + agsks) fy)3 +

2 (cahfy + h(assky + aiky + agks) £,)" + 0(h%)

ks = f + (cshfy + hasiks + asphy + assks + assks) fy) + 5 (cshfy +
h(asiky + asyk; + assks + asqsky) f,)* + %(Cshfx + h(as k; + asyk; +

—+

4
assks + assky) f,)° + %(Cshfx + h(asiky + asyk, + aszks + asgky) fy)

+ 0(h®) (3.3)
Expanding fully and substituting the various ki’ s, i =2, 3, 4, 5 into their various positions in terms of k1 only and collecting
like terms, in terms of y derivatives and (X, y) derivatives separately, we have:

ky=f
_ h? 2 2 R 3 3 Rt 4 4
k2 - f + ha21ffy + Za21f fyy + §a21f fyyy + Za21f fyyyy + hCfo +
h? h3 h3 h3
Ec%fxx + h2C2a21ffxy EC%fxxx + ZC22a21ffxxy + Zczaglfzfxyy +

n* n* n* n* 5
chfxxxx + Ecgamffxxxy chzaglfzfxxyy + ECZaglfsfxyyy + 0 (h )

hZ
ky = f+h(as; + az)ffy + h*azas,fff + ;(aé + 2a3a3; + a3)ffyy +
h3

h3
§a21a32(a21 + 2(az; + a32))f2fyfyy + g(a% + 3a3;as3; + 3az,a3, + a3y)

h4
P foyy + g(a32ag1 + 3a31032051 + 303,01 + 6a3105,0,1) 3 fy fyyy +
4

h4

h
;a%1a32(a31 + a)f3fA + ;a§2a§1f2fy2fyy +

Z_T(a§1+ 4a3 az, + 643,03, + 4az1a3;+ a3)f*fyyyy + hesfy

* gcgfxx + h%c3(az + az)ffyy + hPcrasfofy + §C33fxxx

+ gcg(am + a32)ffaxy + Z—Tcg(aﬁl + 2as1a3; + %) fryy

+ R ca35(a31 + as)ffufyy + hazias(cz + c3)ffyfay + Z_Tczzaszfyfxx
+ h3cyc3az, fyfry + i

h* h*
Z C?A;fxxxx + ? C23 a32fxxxfy + ; C§ 2 a32fxfxxy

h* h*
+ Eauasz(czz + ) fyfexy + §a21a32(202a31 + 3c3a51 + 63a31)f*fy fryy
4 4 4

+ §C3a3zczzfxxfxy + §C22a32(a31 + a32)ffxxfyy + 7“21‘132(26'2(131 + 2ca3, + C3a21)f2fxyfyy
4 4

h
+ h463a3262a21ffx2y + ?agzczzfxzfyy + h4a§2a21cszxfyfyy + 56362(132(6(131 + 2a32)ffxfxyy
h* h* n*
+ zcza32(a?2,1 + 26131‘132 + agz)fzfxfyyy + ;C33 (a31 + a32)ffxxxy + ﬁc.’? (a.%l + 2a31a32 + a%z)fzfxxyy +
h4
3 63 (a3, + 3a3;a;; + 3az,a3; + agz)f3fxyyy +0 (hs)
ky=f+h(ay+ as,+ a4-3)ffy + h2(a31a47 + az1a43 + a32a43)ffy2 +
h2
;(‘142,1 + 204104, + 2041043 + 204,045 + af; + a23)f2fyy
h3
+;(a%1a42 + a§1a43 + 203103, a43 + a§2a43 + 2051041 Q4
+ 2031041 Q43 + 2035041 Qy3 + 2031045 A3 + 2035047 Q43 + 2051047 Ay
h3
+2a3,03, + 2a31a23 + 2a32aﬁ3) fzfyfyy+h3a21a32 a43ffy3 + ;(a21 + 3af;a4, +
3af1a43 + 304103, + 641042043 + 305,043 + 3041053 + 3040055 + ai; +
h4-

ais)f3fyyy + ;(agla43 + 3a3103,a43 + 303103,43 + 302105, 04, + 3031051043 +

2 2
3a32051043 + 605104103, + 603141443 + 6032041045043 + 602104147043 +
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2 3 2 2 2 2 2 2
3031051043 + Q42031 + 3032055043 + 6021A5,043 + 6A31041043 + 6035041053 + 6031047053 + 6a3,a4,055 +
4
2 3 3 3 h* 2 2
3ay1a4,053 + 3a31a33 + 3a31a33 + 3asz,a33) + ;(a21a32a43 + 2051031032043 + 20510355043 + 2051032041 Q43 +
2 2 2 2 2 2
2051037047043 + 2031031047043 + 2051037047043 + A3104; + 031032043 + 31043 + 20431035043 +
h4
2 2N\fF2f2 2 2 2 2
as,az;z)f fy fyy + o (a31041 A4z + A31041 A4y + 2031032041 Qa3 + A32041 Q43 + A31A41 043 + 203103042043 +
2 2 2 2 2 2 4
a31a4 |, a31043 2 a31a43\ 3,2 R 4 3 3 2 2
o T T amandiz + — ) fyy + o (az1 + 431047 + 4a3,a43 + 603,05, +
12031045043 + 605,053 + 4041033 + 404,033+ 1204105,043 + 204104503 +

h.2
6aj, 053+ 4a3,a43+ 404,035+ af,t ag3) f4fyyyy +heyfy + h?(chaq, + C3a43) frfy o Cifax t hPcy(agy +ag +
h3
As3)f froy + o (cGaq, + C32a43)fxxfy + h?(c4az1a4, +
C3A31Qu3t C3032043) [ froy [y + h3cza32a43fxfy2+ R (CCa@uz+ €3C4043) fafxy
+h3cya35a43f, 7+ W3 (C2C4Qu0+ €3€4043) fofry + W3 (C2a0104; + C4a31043 +
C4Q32043)f fyfryt h3(Ca041 Q4+ C3041 043+ C3042043%F C2045Q43+ C205, +
h3 h3 h3
C3az213)ffxfyy + ;Cffxxx o (Ciag + ciag,+ Cfa43)ffxxy+ EC4(a£1 + 2a4104; +

h4
2 2\ f2 3
2041043 + A3y + 2042043 + A53)f “fryy + o (czay, +

2
3,042,043 +

3 4 2 2 2 2 2
C3Qu43) frexxfy + 7 (3¢5az1a4,+C303104313C50A32a43 + 3C5021047 +3C5a31A43 +

4
2 h 2 2 2
3¢5a32a43)f frxy fy + m (€2a31 40+ 2¢3031A3,a43 + €3051A43+C3A5,043 +
2
204031041 A47%F 2€4031041 A3+ 204035041 Q3% 204071055+ 2€4,031047043 +
2 2 N £2
204Q32047Q43 F 2C4051 04243+ 204Q31A53+F 2€4035053) [ “fy fryy +

4
% (C22a32a43)fxxfy2 + h*(C202103,043+ C305103,a43+ C4a21a32a43)ffxyfy2 +
4
%(202a31a32a43 + 20,05,43 + 2C,035041Q43F 20037045043 + 20031042043 +
20503504543 + 2C3051Agp043+ 20205105, + C3,053 + C3031A53+ C303,053 +
Cia31a£3+ C3032053)f fefyfyy + B (€2C35Q43 + €2€4032a43) fify frey +
% (c3catyy + €3C4043) frxfryt N*(C2C4001 045 + €304031a43 + C3¢403,043)
4
ffé + };_, (€451 Aapt €405, Q43+ 20403103543+ C405043 + 2C5051 041047 +
203031041043+ 203035041043+ 203031042043 203035045043+ Co051 A5, C3031053 +C303,a53) fzfxyfyy +
4 4
%(26203a42a43+ ciai,* ciaiz)fifyy + 2_, (cycfay, +
€3€5043) ffuxy + h4(czc4a41a424+ C3C4041 043 + C2C40%, + C3C40450,3) +
C2C4047043%F C364aaz,3)ffxfxyy+ % (C2CF1 Qg + C3CF1 Qa3+ 20204105, + 203041 AapQyz +2Cx 41 Qs gzt C3C55 043 +

h4-

4
2 2 2 2 3 3 \f2 4 h* 3 3 3
207Chp043 + 203a410%3 + 2C3042Q53 + C2A42A53+ C2Co+C3a03)f “frfyyy + Zc4fxxxx+ BT (cias + ciasy + c2as3)f frxxy

o o 2 2 \f2 h* 3 2 2 2
+ oz G4 (ai1 + 204104, + 204143+ agp+ 2a4,a43+ af3)f fxxyy"' ;C4(a41 + 3a31a4; + 3as,a43 T304, 05,
h4

2 2 2 2 2
oy (2¢5a41a4p + 2¢5041 43 + 2¢3A45043+F C3 a5, +

6041042043+ 305,043+ 3042053 + a3, + ads) [3fryyyt
C32a12l3)ffxxfyy. + O(hs)-
ks = f + h(asy + asy + asz + asy)ffy + h*(a21as1 + 3153 + A3,053 + Q41054 +

2
2, h 2 2
Asp0s4 + Aa3050)f fy + -7 (a51 + 2051057 + 2051053 + 2051054 + a5; + 205053 +

205,054 + i3 + 2053054 + a,)f2fyy + Z_T(a§1a52 + a3,as3 + 2031035053 +
a§2a53 + af1054 + +2041 042054 + 2041042054 + 2041043054 + 2047043054 +
A%r0s4 + AF3054 + 2051051a5, + 2031051 As3 + 2035051053 + 2041051054 +
2042051054 + 243051054 + 205105, + 2051055053 + 2031052053 + 203,505,053 +
204157054 + 2047055054 + 20,435,054 + 20,105,054 + 2031083 + 203,035 +
2041053054 + 2047053054 + 2043053054 + 2031053054 + 2035053054 + 20410Z4 +
204,024 + 2a4302,) f2 £y fyy + 1 (03202153 + Q1042054 + 31043054 +

3
2 h 3 2 2 2 2
A3Q43054)f fy + g(am + 3as,as; + 3a5 as3 + 3as,as4 + 3as1as5, +

2 2 3 2
60a51a5,053 + 6051A5,a54 + 3a51053 + 6A51053054 + 3as5,a5, + a5, + 3a5,a53 +

2 2 2 3 2 2 3 \r3
3a5,05430a5,053 + 6A5,A53054 + 3A5,a54 + A53 + 3A53054 + 3A53a54 + A54) f° fyyyhesfy +

h2
h*(caas; + c3as3 + c4as4) fofyy + ;Cszfxx + h?(csas, +

P 2 2 3
CsAsy + CsAsz + CsAsa)f fry + o (csasy + c5ags + ciag)fify + h3(caz1as, +
3
C3031053 + C3032053 + AgQy1A5s + Aglyp 54 + Ag0y3a54) [ fy fy + h°(A32C2053 +
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Colyz0ss + C3043a54) [y fy7 + W3 (C2C505, + C3C5053 + C4C5a50) frfiy +

h?(ay1C5As5, + A31C50s53 + A3Cs3 + 41 C5Ass + AarCsss + AazCsss)ffyfry +

h?(€2a51a5; + C3a51a53 + C4051a54 + a8, + C2A5,053 + Cs3a52a53 + C§a52a54 +

Co0s520s54 + C3A83 + C4ls3sg + C3s54a53 + CoaZ)ffif f + %Cgfxxx + % (cZas, + c2as; + ciasz + c2asy)ffrxy +

2_3! (csa; + 2¢5a51as; + 2C5051As3 + 2C5A51A54 + C5aE, + 2C5A55a53 + 2C5A55 054 + C5aZ3 + 20553054 +
¢sa8)f * fryy + 0(R°).  (3.4)
(Note: c; = ap1, €3 = 31+ A32,C4 = Auq + Ay +Au3Cs = A5y + a5y +as3 + asa)
Resolving, we setci1 =0,Co =%, C3 =Y, Ca=%,c5=1
Hence, the following equations are generated: b, + b; + 2b, + 4b; = 2
3b, + 3bs + 12b, + 48bs = 16 b, + by + 8b, + 64bs = 16

Resolving the above, we have:

by = 1/6,bz = 1/z,bz = —1/2,b4 = 2/3,bs = 1/6,

Hence, we have the below equations:
_3a32 + 4a4_2 + 4a43 + a52 + a53 + 2a54 = 4
_3a32 + 8a4_2 + 8a43 + 4a52 + 4a53 + 8a54 = 12
—3(132 + 4’(142 + 4a43 + a52 + a53 + 4a54 = 8
3032043 + 32053 + Q42054 + Ay3054 = 1

Settll’lg a32 = 1/2’ a4,2 = 1/4’ a4,3 = 1/4’ we haVe

2(152 + 2a53 + 2(154 = 2

2a52 + 2a53 + 8a54 = 15

8a52 + 8a53 + 16(154 = 19

(153 + a54, = 1

Resolving, we have:

asz = 1/2' ass = —1, Asy = 2

Since, ¢; = azy, ~ Az = 1/4, C3 = az; taz; = 1/4, az1 = — 1/4, Cy = Qg1 T Agp + Ay3 = 1/2, a4 =0,c5 =as; +

as; +as3 +as, =1, ~ as; = — 1/2

Putting all the above parameters into the scheme, the fifth-stage fourth-order method becomes:

h
Yn+1 = Yn T g(k1 + 3k; — 3k3 + 4ky + ks)
kl = f(xn,yn)
h h
ko= f (X + 590 + 2 ky)

h h
ks = f(xn + 7,90 + 5 (k1 + 2k2))
h h
ko = f(tn + 5,90+ (k2 + k3))
h
ks = fQtn + h,yn +5 (ks + ky — 2ks + 4ky))

IV. IMPLEMENTATION OF THE FORMULA AND RESULTS
The formula is implemented on the initial — value problems below with the aid of FORTRAN programming language:
M y'=-y y0)=1,0<x<1 ylo) =5
(i) yi =y, y(0)=10<x<1, y(x,)=e"

(i) y'=1+y% y(0)=10<x<1, y(x,)=tan(x, + 7/,),h =01
Table 3.5 Tables of Results
0] y' =y—y? y(0) =05, 0<x<1. Theoretical Solutionis y(x,) = =
XN TSOL YN (5" stage) | Error (5") | YN (Classical) | Error (class.)
.1D+00 | 0.5249791D+00 | 0.52497D+00 -.561D-08 0.52497D+00 0.13033D-08
.2D+00 | 0.5498340D+00 | 0.54983D+00 -.401D-07 0.54983D+00 0.26416D-08
.3D+00 | 0.5744425D+00 | 0.57444D+00 -.101D-06 0.57444D+00 0.40591D-08
.AD+00 | 0.5986876D+00 | 0.59868D+00 | -.187D-06 | 0.59868D+00 0.55964D-08
.5D+00 | 0.6224593D+00 | 0.62245D+00 | -.294D-06 | 0.62245D+00 0.72870D-08
.6D+00 | 0.6456563D+00 | 0.64565D+00 | -.415D-06 | 0.64565D+00 0.91553D-08 |
’/.
’#_\\2\
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.7D+00 | 0.6681877D+00 | 0.66818D+00 | -.547D-06 0.66818D+00 0.11214D-07
.8D+00 | 0.6899744D+00 | 0.68997D+00 | -.683D-06 | 0.68997D+00 0.13466D-07
.9D+00 | 0.7109495D+00 | 0.71095D+00 | -.818D-06 | 0.71094D+00 0.15899D-07
.1D+01 | 0.7310585D+00 | 0.73105D+00 | -.948D-06 0.73105D+00 0.18491D-07
() y' = -y, y(0)= 1, 0<x<1. Theoretical Solution is y(x,) = e%n h=0.1
XN TSOL YN (5" stage) Error (5"stage) YN (Classical) Error (classical)
.1D+00 0.90483D+00 0.90483D+00 0.222D-07 0.90483D+00 -.8196404044369D-07
.2D+00 0.81873D+00 0.81873D+00 0.401D-07 0.81873D+00 -.1483282683346D-06
.3D+00 0.74081D+00 0.74081D+00 0.545D-07 0.74081D+00 -.2013194597694D-06
.4D+00 0.67032D+00 0.67031D+00 0.657D-07 0.67032D+00 -.2428818514089D-06
.5D+00 0.60653D+00 0.60653D+00 0.744D-07 0.60653D+00 -.2747107467060D-06
.6D+00 0.54881D+00 0.54881D+00 0.807D-07 0.54881D+00 -.2982822888686D-06
.7D+00 0.49658D+00 0.49658D+00 0.852D-07 0.49658D+00 -.3148798197183D-06
.8D+00 0.44932D+00 0.44932D+00 0.882D-07 0.44932D+00 -.3256172068089D-06
.9D+00 0.40656D+00 0.40656D+00 0.897D-07 0.40656D+00 -.3314594766990D-06
.1D+01 0.36787D+00 0.36787D+00 0.902D-07 0.36787D+00 -.3332410563051D-06
(iii) y' =y, y(0)= 1, 0<x<1. Theoretical Solutionis y(x,,) = e*, h=0.1
XN TSOL YN (5" stage) Error (5" stage) YN (Classical) Error (class.)
.1D+00 0.1105D+01 0.1105D+01 -.194D-07 0.1105D+01 0.847D-07
.2D+00 0.1221D+01 0.1221D+01 -.429D-07 0.1221D+01 0.187D-06
.3D+00 0.1349D+01 0.1349D+01 -.711D-07 0.1349D+01 0.310D-06
.AD+00 0.1491D+01 0.1491D+01 -.104D-06 0.1491D+01 0.457D-06
.5D+00 0.1648D+01 0.1648D+01 -.144D-06 0.1648D+01 0.632D-06
.6D+00 0.1822D+01 0.1822D+01 -.192D-06 0.1822D+01 0.838D-06
.7D+00 0.2013D+01 0.2013D+01 -.247D-06 0.2013D+01 0.108D-05
.8D+00 0.2225D+01 0.2225D+01 -.312D-06 0.2225D+01 0.136D-05
.9D+00 0.2459D+01 0.2459D+01 -.389D-06 0.2459D+01 0.169D-05
.1D+01 0.2718D+01 0.2718D+01 -.477D-06 0.2718D+01 0.208D-05
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