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Abstract: In this paper, we introduce the language systems of
propositional logic (LSPL), which involves no variables, and
monadic predicate logic (LSMPL), which consists of predicates
applied to single variables. We review the validity and dedication
related to (LSPL) and (LSMPL) with their properties. After that,
we investigate the connection between Boolean algebras with
(LSPL) and (LSMPL) to make algebraizations methods out of
logic.
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I. INTRODUCTION

The current paper sheds light on the link between

propositional logic (LSPL) and monadic predicate logic
(LSMPL) with Boolean algebras. The father of algebraic
logic is George Bool who introduced Boolean algebras in the
1850's to express statement logic in algebraic form [2]. In [1],
we studied propositional logic with important characteristics.
In [2] we investigated and enlarged existential and universal
quantifier operators on Boolean algebras with their
properties. In [3], the extension of monadic and their
properties by introducing ideals, filters, homomorphism, and
constant mapping and derived some results which associate
ideal filters under mapping homomorphism.

I1. PROPOSITIONAL LOGIC

A. Validity of
system (VLPLS)

In this section, we review the basic concepts of propositional
logic, for more information see
[1,5,4,8,18,19,20,21,22,23,24,25,26,27].
Definition (1). The language L of system propositional logic
(LSPL) consists of:
1. Symbols py, p2, p3, ... (for simple proposition);
2. Symbols —.4.v,—, «—=( for connective proposition) and
3. Punctuation ( , ).

Definition (2). A well- formed formula (wff) of language
LSPL is defined as follows:

language for  propositional logic

Manuscript received on 13 January 2023 | Revised Manuscript
received on 11 February 2023 | Manuscript Accepted on 15
April 2023 | Manuscript published on 30 April 2023.
*Correspondence Author(s)

Adel Mohammed Al-Odhari*, Department of Mathematics, Faculty of
Education, Humanities and Applied Sciences (Khwalan), Sana‘a University,
Sana'a,  Yemen. Email:  aaleidhri@su.edu.ye,  ORCID ID:
https://orcid.org/0000-0002-7509-422X

© The Authors. Published by Lattice Science Publication (LSP). This is
an open access article under the CC-BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

Retrieval Number:100.1/ijam.A1141043123
DOI: 10.54105/ijam.A1141.043123
Journal Website: www.ijam.latticescipub.com

12

i. PP, P, ..arewell- formed formulas.

If 4 and B are wffs, then -4, AA B, 4v B.A —
E.A «— B are wffs.

Remark. The Symbols —.4,v,—, < indicted to negation,

conjunction, disjunction, conditional and biconditional

respectively.

Definition (3). An argument form is a finite sequence of wffs

Ay As Ags o, Ay is called premises followed by a wff B

called conclusion. This is written as follows:

Ay As Ay, Ay, B

The main central problem in LSPL is how to check whether

or not the conclusion B is derived from the given premises'

argument form A,, A.. A5, ... 4, ? Usually, there are two

different ways called validity and deduction to do this.

The truth value of any wff in LSPL is considered true " T" or

false "F" but not both. This is the principle of bivalence of

classical logic.

Definition (4). A valuation (truth assignment or

interpretation) 1 in the language LSPL is a mapping from the

set of simple proposition letters into the set {T, F}.that is,
_[T.if p istrue

v(p) = [F.:'fp is false

which satisfies the following conditions:

Lv( —p) = vip):

2.viprg) =T o vip) =vig) =T;
Lvipvg)l=F «vip) =vig) = F;
4vip-q) =F -+ vip) =T avig) = F.and
S.vip e q) =T = vip) = vig).

All interpretations of a wff can be viewed by a truth table.

Definition (5). An argument form A,.A.. Az, ... 4, ~ B iS
called valid if there is no interpretation  such that:
vid,) =v(4,)=v(4)) = v(d ) =Tand v(B) = F .T

he  wvalid argument form is  denoted by:
Ay Az Az e Ay = B, otherwise it is called invalid and
denoted by:

AL Az A A, 2B
Theorem (1). A,.4..4;....4, =B if and only if
(A, AA. AA; AL AAL) — Bistrue for all interpretation v
Definition (6). A wff E is called

1. Valid if = B i.e., w(E) = T for any interpretation v,

2. Satisfiability (contingent) if (B} = T for some

interpretation v
3. Un Satisfiability contradiction) if v(B} =F
for any interpretation 1.
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Theorem (2)
1. A,LA. A5 .4, =A— Bifandonlyif
Ay As Az, e Ay A = B
2. A A- Az....4, = B ifandonly if
Ay As Ay, Ay —B = D

3. If=dand=A — B, then = B .

4. = Aifandonlyif, -4 is a contradiction.
Definition (7). A wff A is a logically implies a wff B, if
A = B.Thisis denoted by A = E in language LSPL. Two
wffs 4 and B are logically equivalents in language LSPL, if
A= B and E = A which written as B & A. The relation
& is an equivalence relation on wffs of the language LSPL.
The relation = is ordering relation on wffs up to logical
equivalence.

B. Deduction of the Language for Propositional Logic
System (DLPLS)

Definition (1). A rule of inference is a mapping that maps
asset (possibly empty) of wff &, er-, ..., &, into a wiff 3. It is
written as follows: e, era. .o ety =/ 5.

Definition (2). Let A,.A.. Az, ...A, ;B be an argument
form. We say that the conclusion B is deducible from the
premises A;. A, Ag....A4y. If there is a finite sequence of
wffs such that:

i. Each wff of the sequences either belongs to
[A;.A;, Az .. Apd or is derived from pervious wff
in the sequence by an inference rule.

ii. The last wff of the sequence is BE. The finite
sequence of wffs is called natural deduction (proof)
in LSPL, this is denoted by: 4,.4.. 45, ....4, = E
(this is also called sequent). B is called theorem in
LSPL, if + B.

Definition (3). A and B are called provably equivalent if
A+ Band B + Athisisdenotedby A -+~ B.
Theorem (1). [1] DE Morgan's theorems are
equivalent. l.e., 5{4 A B) 4~ —A v =B,
Theorem (2). Prove the argument 4 — E, —E ~ —A.
Proof.

provably

Line # wif Reason

1. A—=E Pre

2. —EB Pre

3. A Ass

4, B 1.3,—= —F

5. 0 24,--F

6. -4 3.5,-—1 Discharge 3H.

Note that. The logicians known as the previous theorem by
the rule of Modus Tollens.

Theorem (3). The following argument is valid.

- afllA AB) A=A A =B A [-(=AAB) A S(=4 A=BIE
Proof.

Line wrif Reason

#

1 I[—.{AﬂBJA—.{A fa—.B]]A} Ass
[-(=4 A B A (=40 =EB]

2. [—(A AB)A (4 A-B)] 1.A—E

3. [<(=4 AB) A (=4 ASB)] 1A —E

4. -{AAB) 2.A—E
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5. =4 A LB 2.4 —E
6. (=4 AB) 3A—E
7 —{—4 A =B) 34A—E
8. A— B 4, by thm
9. A— =B 2, by thm
10. A Ass
11. —-B 8.10,—= —F
12, —-—B 0,10, - —F
13. 0 11,12, .- E
14. —A 10,13, - -1
15. -4 = B 6, by thm
16. =4 = 4B 7, by thm
17. —A Ass
18. —-B 15,17, —= —F
19. —-—B 16,17, = —F
20. 0 18,19, - —E
21. ——A4 17,20, -1
22. 0 14,21, - -1
23. [[—.{A ABM—.(AA—.B]]A}'L.zz.—.—JI.
o [—(2AABIA (=4 A SB]]

I1l. ALGEBRAIZATIONS OF PROPOSITIONAL
LOGIC

In this section, we present the main result how to make
algebra  out of logic due to Halmos, see
[2,10,11,12,13,15,16]. Moreover, to know about the facts of
Boolean algebra, see [2,6,9,14,17].

Definition (1). [2,6,14] A Boolean Algebra is an algebraic
structure B = (B,v.A,", 0,1) consists of a set B, two binary
operations v (join) and A (meet), one unary operation
'(complementation) and two nullary operations 0 and 1(fixed
element) which satisfies the following axioms:

BAj, avb=bveandarb=bAavab €F
{commutative axiom )

BA,.lavblve=a v({bve)and
(anblrnc=anlbrc)lvab.ceB

{azsociative axiom):

BA;. avibac) =la vblalaveland
anlbve) =laablviaac) vab.ceB
(distributive axioms);

BA;. ava=aanda A a = a (idempotent axiom);

BA: . aviaAb)=aandanlavbl=avab €B
(absorption axiom);

Bdg.anl=gand avl=a,va €E

(exiztence of zero and unit elements axioms), and
EA-. o eBE=3a" eB 3ava =1and

g A a =0 (existence of complment axiom).

The following theorems gives us the main properties of
elements of Boolean Algebras.
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Now, Consider a set § = {p: p iz awff} of all wffs. Define
the relation &= on 5 as follows: p = g if and only if
=(p< g) It easy to verify that & is an equivalence
relation on 5. Let B =2/ = {[pl: p & 5} be the quotient
set. Define a binary relation < on B as follows: [p] = [q] if
and only if p= g (iff =p — gq). = is well- defined and
ordering relation on E. Define operations on E as follows:

i. [plvigl=I[pvaql

i. [plAlgl=I[pnql

[p'] = [—p], forall [p]. [g] € B.

Moreover, let [0] = [p A —p]and [1] = [p v —p], these are
well-defined.
Theorem (1). The Algebraic structure® = (B,v.A.". [0], [1])
is a Boolean Algebra,
Proof. Let [pl,[q] and [r] € B, then:
BA,. [plvigl=[pvgl =[gvpl =[glv[p] and

[pagl =[pagl =lgapl =gl Alpl.wipl.[g] €B

(commutative axiom ).

BA.. (plvigh virl = [pv gl vIr]
=[lpvgvrl
=[p vigv]

=lplvigvrl = [p]v gl vy |
and ([plalgD Alr]l = [pa gl Al

=[(pag)arl
=[p Algar]
= [pl Alg vrl = [p] A (gl A LrDD,
v [p], [q].[r] € B ((associative axiom).
BA;.[pl vilgl aAlx]) =I[plvigar]
=[pvigar]
=[{pvg) Alpvrl]
=lpvglalpvrl
= ([pl v [g)y A ([p] v [r]) and
[p] A (gl v [¥]} = ([p] A L]} v ([p] A [F])
wlpl. [q]. [r] & Bldistributive axiom), By similar method.
BA,. [plvipl =I[pvpl =[p]and
[p] A [p] = [p A pl = [p) (idempotent axiom).
BA: [pl v ([pl Algl) =[pl vIpagl
=[pvipAag)l=I[pland
[p] A (Ipl v [q]) = [pl Alp v 4]
=[palpvgl=I[pl
v[pl.[q] € B (absorption axiom).
BAg. [plalll=[pa1l =[pl.and
[plviol=[pv0l =[pl.v[p] €B.
{existence of zero and unit elements axioms) and

{existence of zero and unit elements axioms) and
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BA;.w[pl e B=3[p] e Bsuchthat
(plvipl =[plv-pl = [pv—pl =[1] and
[plalpl =[pl Alapl = [pa—pl =10

(existence of complment axiom) .

A propositional logic can now be represented by Boolean
algebras, where the equivalence classes of wffs of a statement
are represented by elements of the Boolean algebra. The
logical operations —.Aw,—,=—  have their Boolean
counterparts. The Logical relations & and = are
represented by = and =, respectively, thus sequent in
propositional logic can be algebraic proofs.

Remark. In logic = corresponding to - and =
corresponding to = if we pass from validity to deduction.
Theorem (2). The wff, (A A B} 4 —A v =B in L5PL see
[1] corresponding to {mA k) = (a" v b")

in Boolean algebra E. We can prove algebraically that
{(anb) =(a"vb')

Proof.

lanblvia've) =lavia ve)ladvia vy}

={lavalvbinbvd val}
={lavalvbian{(bvd )va'l
={1vb}Iaf{lva’)

=1a1=1. From another hand, we
have,

anb)ala ve)={anb) A atviland) ab}
={bra) Aalvilanb)ab'}
={b A(a na Rvian® ab)}
={b A(a na Rvian® ab)}
={b A0}vian0}

=0vo=0
(aab) =(a"vb )R

Theorem (3). The wff, A =B B+~ -4 in LSPL
corresponding to (&' v &) A B" = &' in Boolean algebra.

Therefore

Proof.

a—=bab =(a'vh)ab =(a ab)vibab)=
(oAb lvil=a' ab =a' m

Theorem (4). p — g = —g — —p in LSPL This
corresponding to in Boolean algebra E,

bya — b=k —a',

Proof. since,

a—b=agvbhb=bva =)V va =b —a'L

Theorem (5). The wff, (4 — B), A+~ B in LSPL known
as in dedication system of propositional logic (DSPL) by rule
., elimination (— —E7,also, it is called Modus
algebra

if..., then ..
ponens, this is
(a' vb)Aa) <b.

becoming in a Boolean
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Proof.

la—bhra=(avbhira=@Arav(bAa)=0v
(bAa)=(bAa)<bh m.

Theorem (6). The argument:
Fa{lmAAB)AS(AA B ALL(mAAB) AS(SA A
B}
is corresponding to
(llanb) Aland)]lalla ab) ala ABY]Y =1.
in Boolean algebra:
Proof.
{lanb) alanbY]1alla Ab) Ala' Ab'YIY
=laab) Alanb )l vila" ab) ala Ab)]
=[lanb)vianbj]v[a ab)via Ab)
=lanlbvb)viad Albvb')
=[aAl]v[a Al]
=ava =10

IV. SAYTEM OF MONADIC PREDICATE LOGIC

Definition (1). A first-order language for system monadic
predicate logic (LSMPL) consists of symbols for:
1.Constant letters @, a2, g, o
2.Variables letters x,,x5.%5. ...
3.Functions letters f.f. fi. -
4.Predicate letters A4,, 4. Az, ..
5.Quantifiers w, 3.
6. Connective symbols —.4.v,—, — and
7. Punctuation ().
Definition (2). A term of first-order language for system
monadic predicate logic (LSMPL) is defined as follows:
are terms,
2. X,.%5.%g..aretermsand
3. If tisaterm, then f(t)isaterm.

Definition (3). An atomic formula of first order (LSMPL)
defined as follows, if ¢ is a term, then
A; (t) is called an atomic formula.

Definition (4). A well- formed formula (wff) of first order
(LSMPL) is defined as follows:

1. Any atomic formula is a wff, and
2. If A and B are Wffs, then -4, An B, Av B.A —
B.A — B,(vx;)A and (3x;)4 are wffs.

Definition (5). A variable x; occurring in a wff is called a
bound, if it is within the scope of quantifiers () or (3x;).
Otherwise x; is called free variable. A wff is called closed, if
it has no free variables.

Definition (6). A term of first-order language for system
monadic predicate logic (LSMPL) is defined as follows:
are terms,

2. x,.%5.%5, .. are terms and
3.If tisaterm, then f(t]) is aterm.

Definition (7). An atomic formula of first order (LSMPL)
defined as follows, if t isa term, then
A; (t) is called an atomic formula.

Definition (8). A well- formed formula (wff) of first order
(LSMPL) is defined as follows:

1. Any atomic formula is a wff, and

1. ay.8..05,..

1. &y, @By,
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2. If A and B are wffs, then -4, AA B, Av B.A—
B, A — B,(vx;)4 and (3x;)A are wffs.

Definition (9). A variable x; occurring in a wff is called a
bound, if it is within the scope of quantifiers (%x ;) or (3x;).
Otherwise x; is called free variable. A wff is called closed, if
it has no free variables.
Definition (10). If A isaformulaand A4 accurse of formula
of B then A is called a sub-formula of B.
Remark. Argument forms of first-order (LMPLS) are
defined as in (LPLS). The (LMPLS) is more expressive than
the (LSPL).

A. Validity of Monadic Predicate
(VMPLS)

Definition (1). An interpretation I of {LSMPL) consist of a
domain I, of values such that:

Logic System

1. @,. .. 5. ... cOrrespond to a fixed value =@, @5 @z, ... IN
o,

2. Function symbols f correspond to any unary operation
f:D, — Dy, and

3. Predicate symbols A; correspond to any unary relation
A, = D,. Let I be an interpretation with a wff 4 of
(LSMPL]} then:

i. If A is closed wff, then its translation in I is a

proposition (i.e. it is true or false).
ii. If A is constant free variable s, then its translation

in I is an open sentence.
iii.  The assignments of values from D; to the free

variables will make the open sentence satisfiability
or not in I. If the open sentence is satisfiability for

all assignments of values of I, it is said to be true
in I. A is called false in I', if it is not satisfiability
by any an assignment of value of I.

iv. If A istruein every interpretation, then A is called
valid and it is denoted by = A. The validity of an
argument A, A.. A5, ... A, :~ B in first order
(LSMPL) isdenoted by A4,,4..A4;.....4, = Band
is defined as in (LSPL) also the logical implication
= and logical equivalence < are defined as
mentioned in [7].

Remark. In classical logic the analyzed proposition into the
following components

i. Subject term,

ii. Predicate term.
Theorem (1). Prove that the following argument in

(LSMPL): (vx)A(x) v (wx)B(x) = (wx)(A(x) vB(x)) is

valid, but the converse is invalid. That is,

(v} (AG) v B ) & (W) AGx) v (vx) B(x).

Proof. Suppose that I = {a, bl. Now,

(vx)A(x) = A(a) nA(B) = pig , and
premises

(¥x)B(x) = B(a) AB(b)=rAs.
become: p A gV (ris)

Hence the
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Also the conclusion:
(vx)(A(x) v B(x)) = (A(a) v B(a)) A (A(D) v B(b))
= (pvr)AlgVs)Now, we test the
wi:pAq)V(rAs) = (pvr)Alg Vst is easy to
verified that by truth table the wff:
(phglv(rAs)—=(pvrin(gVs)
Therefore, the argument:
(vx)A () v (vx) B(x) = (vx) (A0 vBG) )M,
The converse of theorem by the following example.
Example (1). Show that the following argument:

(v2)(AG) vB()) & (v)AG) v (vx)B()

is invalid in (LSMPL), We want to show that:

(vl (AGx) v B(x) ) = (vx)AG) v (vx) B(x)

invalid. Suppose that D ={a,b} with the following
interpretation as shown in Table.1.

is a tautology.

Table of Disjunction Argument 1.

A|B|AVE
a |T|F|T
B|F|T|T
The premise becomes:

(v (AGx) v B(x) ) = (Ala) v B(a) ) A (AB) v B(B))

=(TvF)A(FvT)=TAT=T.
Form anther hand, (vx)A(x) = Ala) AAlL) =TAF=F
and (wx)B(x) = B(a) AB(bB)=TAF=F ,hence the
conclusion becomes, (wx}A(x) v (wvx)Blx) = FwF =F.
We see that: T — F = F. Hence,

(v (A0 v BG) ) 2 (W) A v (v B(x).
Theorem (1). Prove that the following argument:
(304G AB()) = (3x)4A0) A (32)B(x)
is valid in (LMPLS), but the converse is invalid, that is,
(3:)4() A (3 B() & (3x)(4l) AB(K))

Proof. Suppose that I = {a, b}. We will prove

(340G AB()) = @x)AG) A @) B ()

is valid argument. The premise represents by:

(@A) ABK)) = (Ala) A Bla)) v (A(B) A B())
=parivigas)

and the conclusion represents by:

(3x)A(x) = Ala) v A(B) = pv g and

(3x)B(x) =Bla) vB(b) =rvs Hence the conclusion

becomes: p v ) A (rw 51 So it easy to check wff:

parivighs) = (pvg)Aa(rvs)

is valid by truth table and consequently,

(3x0AG) ABG) ) £ Ex)AG) A(EX)BU) g

The following examples illustrates the converse of the
theorem is invalid.

Example (2). Show that the following argument:

(3x)40) v (30 B(x) = (3x)(4() v B(x))

is invalid in (LMPLS. We need to show that:

(3x)AG) A (320B(x) — (3x)AG) A B(x) ) is an invalid.
Suppose that D = {a, b} with the following interpretation as
shown in Table 2.

Table Conjunction Argument 2.

A|B|AAEB
T F|F
F|T|F
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The premise becomes:
(3x)Alx) = Ala) vAB) =TVF =T gng
(3x)B(x) =B(a)vB(B) =TVF =T hence
(@Ax)A) AEx)B) =TAT =T the
represents by:
(@A) v B(x)) = (Ala) A Bla)) v (A(B) AB(B))
=(TAF)v(FAT)=FvF=F.
we see that T—=F=F ,hence

(304G v 308G (30 (46 v BG)),

B. Dedication of Monadic Predicate Logic System
(DMPLS)

A wff 4 involving x as a free variable may be denoted by
Alx). The inference rule of (DMPLS) consists of the rules of
(DPLS) together with the following four rules, the inference
rule of (DMPLS) consists of rules of (DPLS) together with
the following four rules, ¥ — Elimination (v — E),

v — Introducation (v — I, 3 — Elimination(3 — E),
and, 3 — Introducation(3 —I). The following theorems
give us the main basic features of monadic logic see

defined as definition 4.2.1 in [8], in addition,

Theorem (1). Inference rules of (LMPLS) are both sound
and complete, that is: A wff 4 involving x as a free variable
may be denoted by A(x}, The inference rule of (DMPLS)
consists of the rules of (DPLS) together with the following
four rules, the inference rule of (DMPLS) consists of rules of
(DPLS) together with the following four rules,
¥ — Elimination(v — EJ,

v — Introducation (v — I, 3 — Elimination(3 — E),
and, 3 — Introducation(3 —I). The following theorems
give us the main basic features of monadic logic see

defined as definition 4.2.1 in [8], in addition,

Theorem (2). Inference rules of {LMPLS) are both sound
and complete, that is;

AL A, Ay . Ay =EBIff AL AL AL .. A - B

Corollary (3).=Biff4,. A, A, ... A, = B.

Theorem (4). (LMPLS) is consistent, incomplete and
decidable.

Theorem (5). Prove that the following argument in (LMPLS)
by (DMPLS):(vx)A(x) v (vx) B(x) & (vx)(Alx) v B(x))

Proof.

conclusion

Line # wif Reason
1. (wx)Alx) v (wx) Bx) Pre
2. (wx)Alx) Ass
3. Alt) 2v—E
4, Ale) v B(B) 3v-—1I
5. (wx)(A(x) v B(x)) v -1
6. {(vx)B(x) Ass
7. Bit) 6,v —E.
8. Alt) v B(£) v —1I
9. (vx)(AG) v B(x)) 8v —1I
10. (vx)(AG)vBGR)) 12569 -,
discharge 2&6M.
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Theorem (6). Prove the following arguments in (LMPLS)
by (DMPLYS):
(3:NAG) AB()) = (3x)Alx) A @x)B(x)

Proof.

Line wff Reason

#

1. (3x)(AG) AB(x))  Pre

2. Alg) nB(t) Ass

3. AlE) 20 =F

4. B(f) 2,0 —E

5. (3x)Alx) 3,3-1

6. (3x)B (x) 4,3 -1

7. (3x)AG) A(@x)B(x) 56.A-I

8. (3x)AG) A(3x)B(x)  1.2.7.3 — E. discharge 2
|

For the converse of pervious theorems (6) and (5). It is
enough by Theorem (2). to show that:

(v) (A0 v B 2 (wa) Alx) vIwve) B(x) gng

(3)A0) A (E0B() & (32 (Ak) A BR)), and
consequently, the two examples (1) and (2) in IV-A.
Moreover, we may consider the following example.
Example (1). Consider the following interpretation
D, =Z* = {0.1.2. ...} Now, define

Alx) =to be " x is even " and E(x) == to be " x is odd ".
So,

{‘e‘x}{.-—‘l{x:l W B{x:l]l = (¥x)(xiseven v xisodd) =T
for all b, = Z*, from another hand,

(wxldlx) =(x is even; wxeZI*)=F and
(vx)B(x) = (xisodd; wvx € Z¥)= F . Hence

(wxlAlx) v (vx)B(x) = FvF=F we deduced that,
T — F = F. By Similar reasoning related to  existential

quantifier, we have (3Ix}d(x)A(3x)Blx) =T and
(3x)(A(x) AB(x)) = F, hence

T—=F=F.

Theorem (7). Prove that the following argument in
{LMPLS) by (DMPLS):

(vr)(AG) = B(x)), (vx)Ax) = (wx) B ().

Proof.

Line # wif Reason
1 (vx)(Alx) = B(x)) Pre

2. (vl Alx) Pre

3. At} —= B(t) Lv—F
4, A(t) 2.¥ —E
5. B(t) 34— —F
6. (vx) Blx) 5v—ITH

Theorem (8). Prove that the following in (LMPLS) by
(DMPLS): (3x)A (x) = B) = (vx)Alx) — B,
Proof.

Line # wif Reason

1. (3x)(A(x) - B) Pre

2. Alt) = B Ass

3. (wx)Alx) Ass

4. A(t) v —E

5. B 24,—- —F

6. (vx)Alx) = B 3,5,— —I , discharge-3
7. (vx)A(x) = B 1.263-F,

discharge-2l.
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Theorem (9).

Prove that the following argument in

(LMPLS) by (DMPLS): = 3x)((3y)Aly) = A(x)).

Proof.
Line # wif Reason
1 -3} (EFyIAG) = Ax)). Ass
2. (wxl=((3y) Al = A(x)). L,
thm-list-seq-6(DE
Morgan)
3. —((3)ALY) = At 2% —E
4. (=3 Al v A(e)) 3, thm
5. (3y)AG) A=A 4, thm (DE
Morgan)
6. —A(t) 5.4 —E
7. (3y)Aly) 5.A—E
8. (3x)A(x) 7, thm-list-seq-2
9. AlE) Ass
10. 0 69.-—E
11. 0 80,10,3 - F
12. —=3(EVAG) = A(x)). L1 -1
13. @Ex)(@wAly) = A(x)) 12, DNA.

17

Theorem (10). Prove that the following argument in
(LMPLS) by (DMPLS):

(vx)(Av B(x)) 4+ Av (¥x)B(x)

Proof. Frist direction: (¥x){Av B(x)) + Av(¥x)B(x)

Line wrif Reason
#
1 (Vx){(Av B(x)) Pre
2 AVB(t) LY —F
3. (A V{VxIB(x)) Ass.
4. - AN-Vx)B(x) 3, thm(Demorgan)
5 (3y)Aly) A —A(D) 4, thm(DE Morgan)
6 —A(E) 5.4 —E
7 (3y)AG) 5.A—F
8. (3x)A) 7., thm-list-seq-2
9. Alt) Ass
10. 0 69.-—E
11. 0 80,10,3 - F
12. o=@ (@A) = A@E)). L1L -1
13. (3x)(EWAG) = A(x)) 12,DN

The second direction by same argument, therefore,
(Wx)(AVEB(x)) 4+ Av(¥x)B(x)m

V. ALGEBRAIZATIONS OF MONADIC LOGIC

A Boolean Algebra is complete if for any subset of it, it has
supremum and infimum in the Boolean algebra. Assume that
E is a complete Boolean algebra. Let X be a non-empty set
which represents the domain of a monadic logic.

B¥ = {plp:X — B is a function }, the set of all functions
from X into E, is a functional Boolean algebra. This is so by
Defining Boolean operators pointwise, see [1,2]. Elements of
B are the form p(x7), where |p: X —B is function. These
elements represent 1-place predicates of the monadic logic.
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Now, the existential and universal functional quantifiers of
B*¥ Can be defined algebraically as follows:

(3x)p(x) = p(x)} and  (vadplx) = Mip(x)}

(3x)plx) and (wxdp(x) are exists, since B is complete.

There are two functional quantifiers which represents
Sup

existential and universal quantifiers of monadic logic.
Plp'()3)

Not that.
(@p'@) =(2
= (M)
(wx)p(x).

XEX
_ inf

- IE}."{p{’r]} =

Theorem (1). An existential functional quantifier is an
existential quantifier.

Proof.

1. (3x)0(x) = sup{0(x): x € ¥} =supl0} = 0 = 0(x).

2. (3x)p(x) = suplplx):x € X} = p(x).

3. (@(pG) ) A @D (gl)) = 22 () A (3x)g()}

Sup

= regip(x)}A @xlglx)}

=(3x)p(x) A(3x)q(x) W
Corollary (1). M with an existential functional quantifier is
monadic algebra. The following tables illustrates the
corresponding monadic systems and the functional is a
monadic algebra.

Monadic Logic Monadic Algebra

Variables Variables letters
X Ko X g, X Ko X g,
Constants Constants
@y, Oa, gy o @y, Oa, gy o
1-place  predicate Single variable function
plx) plx) from X — B.
—Negation " complementation
A and A meet
wor v joint
— conditional —
—= biconditional —
= = equality
= = precede or equal
(3x) sup
E 1
(wx) inf
x

It is possible to introduce now algebraic proofs of the sequent
of monadic logic
1. (wx)p & pin monadic logic this becomes in monadic

algebra (wxlp = E?f{p} =p. since p is a constant
functional element.
2. (3x)p = p ' by similar argument”.
3. (vx)p(x) = (vy)p(y)in monadic logic corresponding to
the monadic algebra
(wxlplx) = iEf{p{x]} = i;}f'{p{j-‘]} = (vy)ply).
This possible as for as x and y are

free variables.
4. (3xlp(x) = @Eylp(y) " by similar argument 3".

5. (vx) (p(x) A glx)) & (vx)p(x) A (va)g(x).

independent
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6. (3x)(p(x) Aglx)) & Ex)plx) A@Ex)g(x).

7. (wx) (p(x) v g(x)) & (vxdp(x) v (wx)glx).

8. (3x)(p(x) vg(x)) & @Ex)plx) v (@x)qx).

9. (vx)(pv q(x)) & pv (va)g(x).

10. (vx)(pAg(x)) & pa(valg(x).

11. {Elx]{p‘f q(x)) & pv(Eq).

12. (3x)(p A glx)) & p A(3x)q(x).

13. (vx)p(x) & =(3x)-p(x).

14. (FAxpx) & <lvx)-pl).

15. —lwxlplx) = (3x)-plxl.

16. —(3x)plx) & (vxloplx).

17. (vx)(p — q(x)) & p — (Vx)q(x),
in monadic logic corresponding to in monadic
algebra,

(vx)(p — q(x)) = (vx)(p'v q(x))
=p' Vv (¥x)q(x) =p — (Vx)q(x).
18. (3x)(p — q(x)) = p — (Ix)q(x).
" by similar method in 17".
19. (30)(p(x) — q) = (Vx)p(x) — g,
in monadic logic is counterpart of monadic algebra,
(30)(p(x) — q) = (3)((p(x)) 'V q)

= (@) (p(x) Va
' ()}va

p()}) va

= (uet
= ((wx)p(x)) v
=wxlplx) — q.
20. (vx)(p(x) — q) = (3)p(x) = q.
" by similar method in 19".

.

VI. SOME LOGICAL CONCEPTS SUCH AS

DEDICATION
Let B be a Boolean Algebra. Suppose that the elements of B
represent propositions (or statements) of logic. The set of all
provable (satisfiability or true) propositions is a filter of
B,because conditions 1 and 2 of the definition of the filter are
sissified [10]. A proposition p is refutable (unsatisfiable or
false) if p" is provable. The set of all refutable propositions is
an ideal of E.since the definition of ideal is satisfied [10].

Dedication in propositional logic can be performed
algebraically if we consider the premises of an argument
form are elements of filter F and deduced that the conclusion

belongs to the filter F.Also all inference rule of propositions

logic can be done algebraically.
Example (1). Consider p — g, g = g. In corresponding
Boolean algebra g, Let F be a filter such that » — g,

(p'vglApeF.

g-geF, therefore Hence

Published By:
Lattice Science Publication (LSP)
© Copyright: All rights reserved.

..............

www.ijam.latticescipub.com


http://doi.org/10.54105/ijam.A1141.043123
http://www.ijam.latticescipub.com/

Algebraizations of Propositional Logic and Monadic Logic

(p'vg)Ap=phqbutpAq =q.50 q € F. Therefore if
p — g and p are provable, then so is q. Let jf be a
monadic algebra i.e. i is a Boolean algebra with quantifier
3. A subset y of jg is a monad ideal if | is a Boolean ideal
and 3(I = [.A subset F of pf is a monadic filter if Fis a
Boolean filterand v (F) c F.

VII. CONCLUSION

In this paper, we studied the algebraic method of
propositional and monadic logic, and the treatment of logic
by method of algebraic. In future work, we will study
polyadic logic and algebraic methods.
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