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Equation√2𝑧 − 4 = √𝑥 + √𝐶𝑦 ±  √𝑥 − √𝐶𝑦 
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Abstract: Let C be a positive non-square integer. In this paper, 
we look at the complete solutions of the Transcendental equation 

√𝟐𝒛 − 𝟒 = √𝒙 + √𝑪𝒚 ±  √𝒙 − √𝑪𝒚 , where 𝒙𝟐 − 𝑪𝒚𝟐 = 𝜶𝟐 or 

𝟐𝟐𝒕. In addition, we find repeated relationships in the solutions to 
this figure. 
Keywords: Transcendental equation, Pell equation, Diophantine 
equations 
AMS Subject Classification: 11J70, 11J81, 11D45, 11A55, 
11Y65 

I. INTRODUCTION 

The Transcendental equation plays an important role 

in solving various Science and Engineering problems. Here 
is a Transcendental equation, which can be solved by 
standard calculation methods. As such, this paper offers a 
novel view of solving Transcendental equations using the 
concept of Pell equations. Let 𝐶 ≠ 1 be a positive non-
square integer and N be any fixed positive integer. After that 
the figure 
x2 − Cy2 = ±N          (1) 
is known as the Pell equation and is named after John Pell 
(1611-1685), a mathematical who sought complete solutions 
to such calculations in the seventeenth century. In N=1, the 
Pell equation   
𝑥2 − 𝐶𝑦2 = ±1          (2) 
is known as the classical Pell equation and was first studied 
by Brahmagupta (598-670) and Bhaskara (1114-1185), see 
[1]. Pell equation 𝑥2 − 𝐶𝑦2 = 1 was solved by Lagrange 
according to simple continued fractions. Lagrange was the 
first to prove that  𝑥2 − 𝐶𝑦2 = 1 has innumerable solutions 
in integers if 𝐶 ≠ 1 is a whole number that is not a square. 
The first minimal solution for the whole number(𝑥1, 𝑦1) of 
this calculation is called the basic solution because all other 
solutions can be found in it. If (𝑥1, 𝑦1) is the basic solution 
of 𝑥2 − 𝐶𝑦2 = 1, then a good n-thsolution(𝑥𝑛 , 𝑦𝑛) is 
defined 
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𝑥𝑛 + 𝑦𝑛√𝐶 = (𝑥1 + 𝑦1√𝐶)
𝑛
   (3) 

Allow [𝑎0; 𝑎1, 𝑎2, … , 𝑎𝑟 , 2𝑎0
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅] became a simple continued 

fraction of √𝐶, where 𝑎0 = ⌊√𝐶⌋. Allow 𝑝0 = 𝑎0, 𝑝1 = 1 +

𝑎0𝑎1, 𝑞0 = 1, 𝑞1 = 𝑎1. Usually,  
𝑝𝑛 = 𝑎𝑛𝑝𝑛−1 + 𝑝𝑛−2and𝑞𝑛 = 𝑎𝑛𝑞𝑛−1 + 𝑞𝑛−2  (4) 

for 𝑛 ≥ 2. Then the basic solution of 𝑥2 − 𝐶𝑦2 = 1 is 

(𝑥1, 𝑦1) = {
(𝑝𝑟 , 𝑞𝑟)            𝑖𝑓 𝑟 𝑖𝑠 𝑜𝑑𝑑

(𝑝2𝑟+1, 𝑞2𝑟+1)  𝑖𝑓 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛
   (5) 

On the other hand, in the case of (1) and (2), it is known that 
if (𝑓1, 𝑔1) and (𝑥𝑛−1, 𝑦𝑛−1) are complete solution of 𝑥2 −
𝐶𝑦2 = ±𝑁 and 𝑥2 − 𝐶𝑦2 = 1, respectively, then 
(𝑓𝑛, 𝑔𝑛)and is the solution of 𝑥2 − 𝐶𝑦2 = ±𝑁, where 
𝑓𝑛 + 𝑔𝑛√𝐶 = (𝑥𝑛−1 + 𝑦𝑛−1√𝐶)(𝑓1 + 𝑔1√𝐶)  (6) 
for 𝑛 ≥ 2. 

II. MATERIALS AND METHODS 

In this function, we look at the transcendental equation 

√2𝑧 − 4 = √𝑥 + √𝐶𝑦 ± √𝑥 − √𝐶𝑦. 

Separating both sides and simplifying, we have  

𝑧 = 𝑥 + 2 ± √𝑥2 − 𝐶𝑦2    (7) 

Take 𝑥2 − 𝐶𝑦2 = 𝛼2, so that 𝑧 = 𝑥 + 2 ± 𝛼. After that we 
can give the following theorem. 
Theorem: 1 

Let (𝑥1, 𝑦1)to be the basic solutions for Pell equation 𝑥2 −
𝐶𝑦2 = 𝛼2 and allow 

(
𝑓𝑛

𝑔𝑛
) = (

𝑥1 𝐶𝑦1

𝑦1 𝑥1
) (

1
0

)    (8)      

  for 𝑛 ≥ 2. Then the complete solutions of the 

transcendental equation 𝑧 = 𝑥 + 2 ± √𝑥2 − 𝐶𝑦2,  (𝑥2 −

𝐶𝑦2 = 𝛼2 ) are (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛), where 

(𝑥𝑛, 𝑦𝑛 , 𝑧𝑛) = (
𝑓𝑛

𝛼𝑛−1 ,
𝑔𝑛

𝛼𝑛−1 ,
𝑓𝑛

𝛼𝑛−1 + (2 ± 𝛼))  (9) 

Proof. We validate the theorem using mathematical input 
method. In 𝑛 = 1, we come from (8), (𝑓1, 𝑔1) = (𝑥1, 𝑦1)   
which is the basic solution for𝑥2 − 𝐶𝑦2 = 𝛼2.  Now we 
assume that the pell equation 𝑥2 − 𝐶𝑦2 = 𝛼2 satisfied 
with(𝑥𝑛−1, 𝑦𝑛−1). That is,  
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𝑥𝑛−1
2 − 𝐶𝑦𝑛−1

2 =
𝑓𝑛−1

2 −𝑔𝑛−1
2

𝛼2𝑛−4 = 𝛼2   (10)    

and indicates that it contains(𝑥𝑛 , 𝑦𝑛).     

Indeed in (8), it is easily proved that,  

𝑓𝑛 = 𝑥1𝑓𝑛−1 + 𝐶𝑦1𝑔𝑛−1    (11) 

𝑔𝑛 = 𝑦1𝑓𝑛−1 + 𝑥1𝑔𝑛−1    (12) 

Hence,  

𝑥𝑛
2 − 𝐶𝑦𝑛

2 =
𝑓𝑛

2 − 𝑔𝑛
2

𝛼2𝑛−2

=
(𝑥1𝑓𝑛−1 + 𝐶𝑦1𝑔𝑛−1)2 − 𝐶(𝑦1𝑓𝑛−1 + 𝑥1𝑔𝑛−1)2

𝛼2𝑛−2
 

                   =
𝑥1

2(𝑓𝑛−1
2 − 𝐶𝑔𝑛−1

2 ) − 𝐶𝑦1
2(𝑓𝑛−1

2 − 𝐶𝑔𝑛−1
2 )

𝛼2𝑛−2
 

                    =
𝑥1

2 − 𝐶𝑦1
2

𝛼2𝑛−2
(𝑓𝑛−1

2 − 𝐶𝑔𝑛−1
2 ) 

Applying (10), it is easily seen that, 

𝑓𝑛−1
2 − 𝐶𝑔𝑛−1

2 = 𝛼2𝑛−4𝛼2 = 𝛼2𝑛−2 

Hence, we conclude that,  

𝑥𝑛
2 − 𝐶𝑦𝑛

2 = 𝑥1
2 − 𝐶𝑦1

2 = 𝛼2 

Therefore, (𝑥𝑛 , 𝑦𝑛) is also a solution of the Pell equation 
𝑥2 − 𝐶𝑦2 = 𝛼2. Since n is arbitrary, we get all integer 
solutions of the pell equation 𝑥2 − 𝐶𝑦2 = 𝛼2. 

Since 𝑧𝑛 = 𝑥𝑛 + 2 ± 𝛼, so that 𝑧𝑛 =
𝑓𝑛

𝛼𝑛−1 + (2 ± 𝛼). 

Therefore, (𝑥𝑛 , 𝑦𝑛, 𝑧𝑛) be the solution of the equation (7) for 
which 𝑥2 − 𝐶𝑦2 = 𝛼2. 
 
Corollary: 2 

Let (𝑥1, 𝑦1)   be the basic solution of the Pell equation 𝑥2 −
𝐶𝑦2 = 𝛼2, and then  

𝑥𝑛 =
𝑥1𝑥𝑛−1+𝐶𝑦1𝑦𝑛−1

𝛼
    (13) 

𝑦𝑛 =
𝑦1𝑥𝑛−1+𝑥1𝑦𝑛−1

𝛼
    (14) 

Therefore 𝑧𝑛 =
𝑥1𝑥𝑛−1+𝐶𝑦1𝑦𝑛−1

𝛼
+ (2 ± 𝛼)  (15) 

Also, |
𝑥𝑛 𝑥𝑛−1

𝑦𝑛 𝑦𝑛−1
| = −𝛼𝑦1                                            (16) 

Proof. In (8), we have 𝑓𝑛 = 𝑥1𝑓𝑛−1 + 𝐶𝑦1𝑔𝑛−1 and 𝑔𝑛 =
𝑦1𝑓𝑛−1 + 𝑥1𝑔𝑛−1. 

In (9), we have 𝑓𝑛 = 𝛼𝑛−1𝑥𝑛 and 𝑔𝑛 = 𝛼𝑛−1𝑦𝑛. 

Therefore, 𝛼𝑛−1𝑥𝑛 = 𝑥1𝛼𝑛−2𝑥𝑛−1 + 𝐶𝑦1𝛼𝑛−2𝑦𝑛−1 

𝑥𝑛 =
𝑥1𝑥𝑛−1 + 𝐶𝑦1𝑦𝑛−1

𝛼
 

On the other hand, we have  

𝛼𝑛−1𝑦𝑛 = 𝑦1𝛼𝑛−2𝑥𝑛−1 + 𝑥1𝛼𝑛−2𝑦𝑛−1 

𝑦𝑛 =
𝑦1𝑥𝑛−1 + 𝑥1𝑦𝑛−1

𝛼
 

And then,  

|
𝑥𝑛 𝑥𝑛−1

𝑦𝑛 𝑦𝑛−1
| = 𝑥𝑛𝑦𝑛−1 − 𝑦𝑛𝑥𝑛−1 

                     =
𝑥1𝑥𝑛−1 + 𝐶𝑦1𝑦𝑛−1

𝛼
𝑦𝑛−1

−
𝑦1𝑥𝑛−1 + 𝑥1𝑦𝑛−1

𝛼
𝑥𝑛−1 

                     =
−𝑦1(𝑥𝑛−1

2 − 𝐶𝑦𝑛−1
2 )

𝛼
=

−𝑦1𝛼2

𝛼
= −𝑦1𝛼 

|
𝑥𝑛 𝑥𝑛−1

𝑦𝑛 𝑦𝑛−1
| = −𝛼𝑦1 

Since 𝑧𝑛 = 𝑥𝑛 + 2 ± 𝛼, we have 

 𝑧𝑛 =
𝑥1𝑥𝑛−1+𝐶𝑦1𝑦𝑛−1

𝛼
+ (2 ± 𝛼). 

Theorem: 3 

Let (𝑥1, 𝑦1) be the basic solution for the Pell equation 𝑥2 −
𝐶𝑦2 = 𝛼2,and  then (𝑥𝑛, 𝑦𝑛 , 𝑧𝑛) satisfy the next repeating 
relationship. 

𝑥𝑛 = (
2

𝛼
𝑥1 − 1) (𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3                           (17) 

𝑦𝑛 = (
2

𝛼
𝑥1 − 1) (𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3                           (18) 

𝑧𝑛 = (
2

𝛼
𝑥1 − 1) (𝑧𝑛−1 + 𝑧𝑛−2 − 2(2 ± 𝛼)) − (𝑧𝑛−3 −

2(2 ± 𝛼))                                                             (19)   

Proof. 

The proof will be provided by submission to n. 

We use (13), (14), and (15), we have  

𝑥2 =
𝑥1

2 + 𝐶𝑦1
2

𝛼
=

𝑥1
2 + 𝑥1

2 − 𝛼2

𝛼
 

𝑥2 =
2

𝛼
𝑥1

2 − 𝛼      (20) 

𝑦2 =
𝑥1𝑦1+𝑥1𝑦1

𝛼
=

2

𝛼
𝑥1𝑦1    (21) 

𝑧2 = 𝑥2 + (2 ± 𝛼) =
2

𝛼
𝑥1

2 − 𝛼 + (2 ± 𝛼)  (22)

 We use (13), (14), (15), (20), (21) and (22), we 
have  

𝑥3 =
𝑥1𝑥2 + 𝐶𝑦1𝑦2

𝛼
=

𝑥1 (
2
𝛼

𝑥1
2 − 𝛼) + 𝐶𝑦1 (

2
𝛼

𝑥1𝑦1)

𝛼
 

𝑥3 = 𝑥1 (
4

𝛼2 𝑥1
2 − 3)    (23) 
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𝑦3 =
𝑦1𝑥2 + 𝑥1𝑦2

𝛼
=

𝑦1 (
2
𝛼

𝑥1
2 − 𝛼) + 𝑥1 (

2
𝛼

𝑥1𝑦1)

𝛼
 

𝑦3 = 𝑦1 (
4

𝛼2 𝑥1
2 − 1)    (24) 

𝑧3 = 𝑥3 + (2 ± 𝛼) = 𝑥1 (
4

𝛼2 𝑥1
2 − 3) + (2 ± 𝛼) (25) 

Then with equations (13), (14), (15), (23), (24) and (25), we 
get𝑥4  and 𝑦4 

𝑥4 =
𝑥1𝑥3 + 𝐶𝑦1𝑦3

𝛼

=
𝑥1 [𝑥1 (

4
𝛼2 𝑥1

2 − 3)] + 𝐶𝑦1 [𝑦1 (
4

𝛼2 𝑥1
2 − 1)]

𝛼
 

𝑥4 =
8

𝛼3 𝑥1
4 −

8

𝛼
𝑥1

2 + 𝛼     (26)   

𝑦4 =
𝑦1𝑥3 + 𝑥1𝑦3

𝛼
=

𝑥1𝑦1 (
4

𝛼2 𝑥1
2 +

4
𝛼2 𝑥1

2 − 3 − 1)

𝛼
 

𝑦4 = 𝑥1𝑦1 (
8

𝛼3 𝑥1
2 −

4

𝛼
)    (27) 

𝑧4 = 𝑥4 + (2 ± 𝛼) =
8

𝛼3 𝑥1
4 −

8

𝛼
𝑥1

2 + 𝛼 + (2 ± 𝛼) (28) 

Now to replace (20) and (23) in (17), we have it 

𝑥4 = (
2

𝛼
𝑥1 − 1) (𝑥1 (

4

𝛼2
𝑥1

2 − 3) +
2

𝛼
𝑥1

2 − 𝛼) − 𝑥1 

     = (
2

𝛼
𝑥1 − 1) (

4

𝛼2
𝑥1

3 − 3𝑥1 +
2

𝛼
𝑥1

2 − 𝛼) − 𝑥1 

𝑥4 =
8

𝛼3
𝑥1

4 −
8

𝛼
𝑥1

2 + 𝛼 

And to substitute (21) and (24) in (18), we have 

𝑦4 = (
2

𝛼
𝑥1 − 1) (𝑦3 + 𝑦2) − 𝑦1 

     = (
2

𝛼
𝑥1 − 1) (𝑦1 (

4

𝛼2
𝑥1

2 − 1) +
2

𝛼
𝑥1𝑦1) − 𝑦1 

𝑦4 = 𝑥1𝑦1 (
8

𝛼3
𝑥1

2 −
4

𝛼
) 

To replace the last (22) and (25) in (19), we have 

𝑧4 = (
2

𝛼
𝑥1 − 1) (𝑧3 + 𝑧2 − 2(2 ± 𝛼)) − (𝑧1 − 2(2 ± 𝛼)) 

    = (
2

𝛼
𝑥1 − 1) (𝑥1 (

4

𝛼2
𝑥1

2 − 3) + (2 ± 𝛼) +
2

𝛼
𝑥1

2 − 𝛼

+ (2 ± 𝛼) − 2(2 ± 𝛼))  

− (𝑥1 + (2 ± 𝛼) − 2(2 ± 𝛼)) 

    =
8

𝛼3
𝑥1

4 −
6

𝛼
𝑥1

2 +
4

𝛼2
𝑥1

3 − 2𝑥1 −
4

𝛼
𝑥1

3 −
2

𝛼
𝑥1

2 + 3𝑥1 + 𝛼

− 𝑥1 + (2 ± 𝛼) 

𝑧4 =
8

𝛼3
𝑥1

4 −
8

𝛼
𝑥1

2 + 𝛼 + (2 ± 𝛼) 

Which formulae are the same in (26), (27) and (28).So (17), 
(18) and (19) hold 𝑛 = 4. Now we assume that (17), (18) 
and (19) hold 𝑛 ≥ 4 and we show that it holds 𝑛 + 1. 

Really by (13), (14) and (15) and by guess we have 

𝑥𝑛+1 =
𝑥1𝑥𝑛 + 𝐶𝑦1𝑦𝑛

𝛼
 

               =
𝑥1 [(

2
𝛼

𝑥1 − 1) (𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3]

𝛼

+ 𝐶𝑦1

[(
2
𝛼

𝑥1 − 1) (𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3]

𝛼
 

 = (
2

𝛼
𝑥1 − 1) [

𝑥1𝑥𝑛−1 + 𝐶𝑦1𝑦𝑛−1

𝛼
+

𝑥1𝑥𝑛−2 + 𝐶𝑦1𝑦𝑛−2

𝛼
]

− [
𝑥1𝑥𝑛−3 + 𝐶𝑦1𝑦𝑛−3

𝛼
] 

  = (
2

𝛼
𝑥1 − 1) (𝑥𝑛 + 𝑥𝑛−1) − 𝑥𝑛−2 

𝑦𝑛+1 =
𝑦1𝑥𝑛 + 𝑥1𝑦𝑛

𝛼
 

          =
𝑦1 [(

2
𝛼

𝑥1 − 1) (𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3]

𝛼

+ 𝑥1

[(
2
𝛼

𝑥1 − 1) (𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3]

𝛼
 

= (
2

𝛼
𝑥1 − 1) [

𝑦1𝑥𝑛−1 + 𝑥1𝑦𝑛−1

𝛼
+

𝑦1𝑥𝑛−2 + 𝑥1𝑦𝑛−2

𝛼
]

− [
𝑦1𝑥𝑛−3 + 𝑥1𝑦𝑛−3

𝛼
] 

 = (
2

𝛼
𝑥1 − 1) (𝑦𝑛 + 𝑦𝑛−1) − 𝑦𝑛−2 

𝑧𝑛+1 = 𝑥𝑛+1 + 2 ± 𝛼 

         =
𝑥1𝑥𝑛 + 𝐶𝑦1𝑦𝑛

𝛼
+ (2 ± 𝛼) 

              =
𝑥1 [(

2
𝛼

𝑥1 − 1) (𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3]

𝛼

+ 𝐶𝑦1

[(
2
𝛼

𝑥1 − 1) (𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3]

𝛼
+ (2 ± 𝛼) 

 = (
2

𝛼
𝑥1 − 1) [

𝑥1𝑥𝑛−1 + 𝐶𝑦1𝑦𝑛−1

𝛼
+

𝑥1𝑥𝑛−2 + 𝐶𝑦1𝑦𝑛−2

𝛼
]

− [
𝑥1𝑥𝑛−3 + 𝐶𝑦1𝑦𝑛−3

𝛼
] + (2 ± 𝛼) 
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= (
2

𝛼
𝑥1 − 1) (𝑥𝑛 + 𝑥𝑛−1) − 𝑥𝑛−2 + (2 ± 𝛼) 

= (
2

𝛼
𝑥1 − 1) (𝑥𝑛 + (2 ± 𝛼) + 𝑥𝑛−1 + (2 ± 𝛼)

− 2(2 ± 𝛼)) − 𝑥𝑛−2 − (2 ± 𝛼)

+ 2(2 ± 𝛼) 

= (
2

𝛼
𝑥1 − 1) (𝑧𝑛 + 𝑧𝑛−1 − 2(2 ± 𝛼))

− (𝑧𝑛−2 − 2(2 ± 𝛼)) 

This completes the proof. 

We are now looking at another case 𝑥2 − 𝐶𝑦2 = 22𝑡 
without giving proof of it because it can be proved in the 
same way as the previous theorems proved. 

Theorem: 4 

Let (𝑥1, 𝑦1) be the basic solutions of the Pell equation 𝑥2 −
𝐶𝑦2 = 22𝑡 and 

(
𝑓𝑛

𝑔𝑛
) = (

𝑥1 𝐶𝑦1

𝑦1 𝑥1
) (

1
0

) 

for 𝑛 ≥ 2. Then the complete solutions of the transcendental 

equation 𝑧 = 𝑥 + 2 ± √𝑥2 − 𝐶𝑦2,  (𝑥2 − 𝐶𝑦2 = 22𝑡 ) are 
(𝑥𝑛, 𝑦𝑛 , 𝑧𝑛), where 

(𝑥𝑛, 𝑦𝑛 , 𝑧𝑛) = (2𝑡(1−𝑛)𝑓𝑛, 2𝑡(1−𝑛)𝑔𝑛 , 2𝑡(1−𝑛)𝑓𝑛 + (2 ± 𝛼)) 

and (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛) satisfy the next repetition relationship 

𝑥𝑛 = (21−𝑡𝑥1 − 1)(𝑥𝑛−1 + 𝑥𝑛−2) − 𝑥𝑛−3 

𝑦𝑛 = (21−𝑡𝑥1 − 1)(𝑦𝑛−1 + 𝑦𝑛−2) − 𝑦𝑛−3 

𝑧𝑛 = (21−𝑡𝑥1 − 1)(𝑧𝑛−1 + 𝑧𝑛−2 − 2(2 ± 𝛼))

− (𝑧𝑛−3 − 2(2 ± 𝛼)) 

III. CONCLUSION 

In this paper, we investigate the the Transcendental 

equation √2z − 4 = √x + √Cy ±  √x − √Cy , where x2 −

Cy2 = α2 or 22t. It is interesting to see that the researcher 
can also proceed for further results in this problem. 
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