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On Symmetric Riemann-Derivatives
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Abstract: The basic properties like monotoni city, Darboux
property, mean value property of symmetric Riemann-derivatives
of order n of areal valued function f at a point x of itsdomain (a
closed interval) is studied. In some cases, function is considered
to be continuous or semi-continuous.
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l. INTRODUCTION

S/mmetric Riemann-derivatives is a generalization of

normal or ordinary or general symmetric derivatives. It isa
blender of Riemann-derivatives and symmetric derivatives
to form a new generdization of derivatives.
Mathematicians worked towards Symmetric derivatives and
Riemann-derivatives, then got a new outlook towards
symmetric Riemann-derivatives. In 1954, P. L. Butzer and
W. Kozakiewicz showed their work on the Riemann-
derivatives for integrable functions [7]. Later J. Marshall
Ash, Stefan Catoiu and William Chin William worked on
generalization of Riemann-derivatives and classification of
generalized Riemann-derivatives(1967) [1] [2]. In 1974, P.
S. Bullen and S. N. Mukhopadhyay discovered relation
between different generalized derivatives [6]. From 1970
and 1974, N. K. Kundu researched on properties of
symmetric derivatives including conditions on a function’s
symmetric derivatives for monotonicity [10] [11]. Around
1972, C. L. Belna, M. J. Evans and P. D. Humke , on
symmetric and ordinary differentiation [3]. Sorin
Radulescu, Petrus Alexandrescu and Diana-Olimpia
Alexandrescu published their paper on generdized
Riemann-derivatives and it’s reference to study of
gualitative property of a function in 2013 [13] [14].
Subhankar Ghosh worked on same field in his Ph. D.
Thesis, namely SOME STUDIES ON HIGHER ORDER
GENERALIZED DERIVATIVES, SYMMETRIC
DERIVATIVES, DIVIDED DIFFERENCES AND THEIR
INTERRELATIONS to Visva-Bharati University in 2017
[8]. Many mathematicians such as B. S. Thompson [15], R.
G. Bertle and D. R. Sherbert [4], A. Zygmund [16], A.
Gordon Russel [9], S. N. Mukhopadhyay [12], A. M.
Bruckner [5] compiled the findings so far in books or
papers along with something new. In this section we have
studied n order symmetric Riemann-derivatives and have
shown by example that symmetric Riemann-derivatives is
more general than symmetric derivative.
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Also we have proved some theorems regarding
monotonicity and mean vaue theorem for symmetric
Riemann-derivatives of a function having upper semi-
continuity and with property D as well as it’s relation with
Riemann-derivatives.

. DEFINITIONSAND NOTATIONS

Definition 21. Let f :R—Rbe a function.

A f oz k)

if mewp I exists, where A, S ( f, x ,h)
"
. nft

=y, (-1)""(“ )f (x-"2 +ih), then this limit is said to

be the n-th upper symmetric Riemann-derivative of f at

X and is denoted by SRD, f (x).

AR fL, f)
Similarly, the limit  “"™/ h it exists, issaid

to bethe n-th lower symmetric Riemann-derivative of f at
x and isdenoted by SRDf (X).

If both SRD,*f (X) and SRD, f(X) exist and are equal,
then this common value is said to be the n-th symmetric
Riemann-derivative of f at x and is denoted by SRD, f

(x).
Example2.2. (i) Let f (x) =€~

n it
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(i) Let f(x) =sinx.
T
;

Ans(f, X0) =X, (-l)“"(

n
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=Xizo ('1)n—i(
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n

=yn, (-1 n-i(.l'):ﬁiu.r' cos (i —n)t +coszsin(i — n)t]

AC(f, 2, 1)

lim fr
t-0

(i) Let f(x) = X2

lim

1
= anZ?zo (-1)”4( J.)|:f—u:|+ fri

cos i — nt

] (H)[ . sinii — H]f:|
1. lim ———
+eosE, (-prnESLimer

AS(f, xt) = F(x+ 3)—f (x-3) = (x+ 5)?- (x-5)2= 4xZ = 2xt

AoS(F, X 1) = ASF (X + 3) - ASF (x-3)

=f (x+1)-2f (X)+T (x-1)

=(x+1)%-2 (0)%+ (x-1)?

=212

Ans(f, xt)=0ifn> 2.

S0, SRD:1f (X) =2x = f'(X) = RD1f (X) , SRD2f (X) =2 =f"(X) = RD 2f (X).

1
f(X) =x?sin= when x€ Q
=x3whenx€Q

Note2.3. Let
Then " (0), f 2(0) , SDf %(0) do not exist. But
SRD-f (0)
fl2t) —2f(t) + F(0) 8% — 2¢3
— lim g — lim 2 — lim
~ t-0+ i ~ t-0+ i — t-0+

3
2 - lim o J
2 =6,50% 1°=6 0%

G i

ey lim

t=0

S0, symmetric Riemann-derivative is more general than ordinary derivative, Peano derivative, symmetric derivative.

1. SOME RESULTS

Theorem 3.1. Letf be a continuous real valued
function in[ab], SRD:*f and SRD;f existin a
set E contained in[ab] , then SRD;*f , SRDyf € Ba(E) .
Moreover, if (i) SRDsf isfinite, (ii) SRDif is continuous
inE,i=0,.1,..,n, (iii) SRDn:1*f and SRDnf exist inE
then SRDu*f, SRDnf € Ba(E) .

Proof. Let be a function which is continuous in
[ab], SRDy'f and SRD,f existin aset E contained in [a,
b].

Sincefis continuous in [a,b], SRD:*f and SRD;f  exigt

inE, f is differentiable inE.
Fizt Ej—Fiz—LE) 1

Suppose Fr(X) = b ,h=%. It is obvious

that Fr(X) is continuousin E.

flz+2) - flz— &)

lim

n-« Iimn_man(X) = h_%’_'l

So, SRD1* f (X) € Bi(E).
flz— &= flz+ &

Suppose Gn(x) = h

I = SRDf (%)

1
,h == Itisobviousthat Gn(X) iscontinuousin E.

fle —

f'_T'] — flz + 'fj',]

nli}rg Gn(x) = h—%n—l

S0, SRD; "  (X) € By(E).

i = SRDf (X)

Suppose, moreover, if (i) SRD, f isfinite, (i) SRDifiscontinuousin E, i =0,1,...,n, (iii) SRDp«1*f and SRDpaf existin E.

Al (fxh)

Suppose Om(X) = heTT h= . It is obvious that ®y(X) is continuousin E.
Analfi i)

mow Om(X) = 157
S0, SRDn+1 *f (X) € By(E).
A% (fx.—h)
Suppose W(x) = [—hI"t! _
AT W fx —R)
lim \I}m(x) - hl—l>r(;l {_ fo)et 1

m-x
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= SRD” f(X)

I = SRD1*f (X)

1
,h = . It is obvious that Wn(X) is continuousin E.
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So, SRDn+1 T (X) € Bi(E).

Note3.2. Let f beafunctionin [ab]. If f isnon-decreasingin [a,b] , then
Proof. Supposeo,f € [a,b], such that « < . So, f () <f (B).
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SRDqf(x) > 0 in [a,b].

Now, for any Xo € (a,b) and for any ¢ satisfying 0 < 6 < (b - Xo), we have

Tl i
f(xo-2 +0)>f(%-2).

n

AnS(f,xh) =3, ()™ ( f)f(x -5 +ih)
Let ustake h (> 0) in away such that max{0,h,2h,...,(n - 1)h} <o.

n

nfi

*')f(xo-%)+f(xo-T+nh)

e
+nh)—f(x-2)=0

Hence,
. nh
Ans(f,x0h) =3, (-1 “‘i( z )f(Xo -7 +ih)
(J.’
= An(f, x0,h) 2X75) (D)™
(”) nh nh
= AnS(f, Xo,0) 2 F QXL ()™M N/ +f(x0-2 +nh) —f(x-2)
= Ans(F, Xoh) = f (X0 - 2) (-1 + 1)+  (Xo- 3" + nh) — f (xo - )
red
= An®(f, Xo,h) = f (%0 -
A% (f.x h)
Then SRD.f (x) =, tim h" >0, provided the limit exists.

Theorem 3.3. Letf be an upper semi-continuous
function which has the propertyDin[ab]. If E={
x & [a b SRDT fle)f <0} gnd f (E)has no sub-
interval, then f isnon-decreasingin [a,b].

Proof. Supposea , S € [a,b], such that a < . So, f (a) >
f (B).
Now, letyo € (f (a) , f () ) such that yo doesn’t belong to f
(B).

LetS={= € la.b] = flz) = ya} andxo = sup S

Sincef is an upper semi-continuous function with
property D in [a,b], Sis closed and thusx, € S. Therefore, f
X)> Yoo We will show thaf (X)) =Yo
If not, there exist » satisfying f (8) < yo < n < f (X)) and ¢ €
(0. 7)) such thatf (&) =#. It contradicts that xo=sup S
So, f (Xo) = Yo.
Sincefis an upper semi-continuous function with
property D in[a,b] and xo < f3,

for xo<x <p, f(X) <f(x0).

If0<d<(B-xo),thenf(xo+0)—f(x)<O.

Again, f being upper semi-continuous function with property D in [a,b], for any yo > y there isaneighbourhood U of xp such

that y < f(x) < yo, whenever x € U.

Ans(f, %o, h) =21, (-1)"'i(i)f (%o -% +ih)

Let ustake h (> 0) in away such that y

Xo- 2

+ih € Uxo:+ % for al i =0,1,....,n and

max{0, h,2h,...,(n- 1) h} < 4.

Therefore,

An®(f, Xo,h) =X, (-1)“‘i(’;)f (Xo g +ih)

nh nh

= Anc(fxoh) < X5 (L "“(*')f (Xo-7) +f(xo+ )

n

o acton < 10655, (i D0

= AnS(f, Xo, h)<f(xo)(_1+1)n+f(X0+%nh)ff(xo_i?

Retrieval Number: 100.1/ijam.B1114101221
DOI:_10.54105/ijam.B1114.101221
Journal Website: www.ijam.latticescipub.com

Published By:
Lattice Science Publication
© Copyright: All rights reserved.

...........................

www.ijam.latticescipub.com


http://doi.org/10.54105/ijam.B1114.101221
http://www.ijam.latticescipub.com/

On Symmetric Riemann-Derivatives

= AnS(F, %0, ) < F(xo+ 2) —f(x0-3)<0

AT f, zp, )

Then  SRDnf (%) = ,tlm B <0,
impliesx, € Sand henceyo € E, a  contradiction.
So, our initial assumption is wrong. There can not be « ,
B € [ab], such that & < . So, f(a)>f(p). So, fis
non-decreasing in [a,b].

Theorem 3.4. Letf be an upper semi-continuous
function which has the propertyDin [ab] , SRDnf

(X)>0in in[ab] except an enumerable set E. Thenf is
non-decreasing in [a,b].

Proof. Supposee >0 be arbitrarily small number
and g(x) = f (x) +c X.
Arlg, ) AS(f, =z R
SRDn " g(¥) = n 0% ht =05 heo e
AT,z k)
pm he  wherel(X) = x

= SRD,* g(X) < SRD*f (X) + ¢

asAnS (I, x,h)=1if n=1and A3(I,x,h) =0if n>2,

= SRDy*g(X) = SRDA*f (X)

Here, gis aso an upper semi-continuous function with
property Din [ab], moreover g(E) is measurable thus
contains no sub-interval. So, gis non-decreasing in [a,b].
Sincecis arbitrarily small positive number, f is non-
decreasing in [a,b].

Theorem 3.5. Let f be an upper semi-continuous
function which has the propertyDin [ab] , SRD,f
(X) >0amost everywhere in[ab] , SRD,* f (X)> -
woinfab] except an enumerable setE. Thenfis non-
decreasing in [a,b].

Proof. Let
A={x€[ab] : SRD,"f (x) < 0}. Clearly, m(A) = 0.
Suppose ¢ is a continuous, non-decreasing function in
[a,b] such that A (o, X, h)>0 in [ab] exceptA.
We consider an arbitrary small positive number ¢ and
takeg(x) =f (X) + ¢ o(X). Then g an upper semi-continuous
function with property D in[a,b],

SRDh*9(X)
Aflg.x, h)
= hoh fare
Ar(f,x, ) A,z )
=nloh + h + € plgh b

=SRD,* f (X)+ ¢ SRDy* & (X),

Therefore, SRDy" g (X) >0 amost everywhere in [a,b]
except A. Hence, gis  non-decreasing in  [ab].
Sincee is arbitrarily small positive number, f is non-
decreasing in [a,b].

Note 3.6. Example of a function ¢ which is continuous,
non-decreasing in[ab] such that A"(c, X, hy>0
in[a,b] except a set Aof measure zero is a polynomial
ax“+ bx<2 + ... + 1, wherethe co-efficients are all positive
and k is an even natural number.

Theorem 3.7.1ff is continuous and SRD,, f (X) exists
in[a,b] then SRDy*f (X) has Darboux property in[a,b].
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Proof. Let us consider that SRD," f (X) does not have
Darboux property, then there exist a fsuch that f
(@)<0, f (8)>0 but SRDy'f (x) # O for any x € (a.p).
Further, suppose E* = {.?'.E o, 3] 1 SRDT flz) >0} p
—{z €[, 3] : SRDY flz) <0} then

[o, /1=E"UE.

Let Qbe (if any) non-degenerate component of E*.
Then Qis an interval. Suppose c,d be the end points of Q.
RKRD*f >0 inQ, sofis non-decreasing inQ.
fbeing continuous and non-decreasing in [c,d], SRDy" f
(c),SRDy* f (d) > 0. Thereforec,d € Q, implies that Qis a
closed interval. Q being arbitrary, every non-degenerate
component of E*is a closed interval.
Following similar arguments, it can be shown that every
non-degenerate component of E'is a closed interval.
Let Q",Q be the collection of al non-degenerate
components of E* and E respectively.Let Q= Q* U Q. Then
any two distinct members of Qare digoaint.
Hence, P = [a,8] -U Q° Q€ Q, is perfect and SRD,* f has
no point of continuity inPrelative toP, which is a
contradiction as SRDy* f € Bla,f].
Therefore, SRD," f (X) must have Darboux property.

Theorem 3.8. If f iscontinuousin [a,b] and SRD,f
(X) existsin (ab) then there exists c € (a,b) such that f
(b) —f (a) = (b- &) SRDxf (C).

Proof. Here we may have following two cases -
Case 1.
Letf (b) =f (a). Then,

Subcase 1- In case SRD, f (X) >0 or SRD, f (X) <0 in
(ab). Thus f is monotone function. Nowf being
continuous as well as monotone, f is constant in (a,b),
ensuring the existence of c.
Subcase 2-In casef is not monotone, SRD, f (a) < 0 and
SRD, f (f)>0 for someo,pfin(a,b) and hence there
exists¢ € (a,b) such that SRD, f ( &) = 0O, implyingc=¢.
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Case2:

Let f (b) #f (a). Then, suppose ®(X) = f (X) - AX, A=constant.
Clearly, @ is continuous in [a,b] and SRD,®D(X) exists in
(a,b).

Also, SRD®(X) = SRD,, f ().
Flbl—fla)
Let ustake A=" t—= . Thus, ®(b) = ®(a). By Case 1,
there existsce(ab) such tha SRD,d(c) = O
FiEl— Fial

= SRDy, f (© =" b—a
This completes the proof of the theorem.

Note 3.9. Above results are applicable for any

continuous function f.

IV.  CONCLUSION

From above analysis and discussion, it is clear that the
symmetric Riemann-derivatives can be a new type of
generalized derivatives, can follow many monotonicity,
mean value property, Darboux property etc, like ordinary
and some other derivatives but only if some conditions are
satisfied. We have to work more to decrease the number of
these conditions and to find more results on a more
generalized derivatives.

Application

The above work on symmetric Riemann-derivatives
provides scope of finding new derivatives of a function
which are more generalized than ordinary derivatives, even
some other generalized derivatives, under less number of
restrictions. This work can provide clue for farther findings
on Riemann fractional derivatives and can be used in
differential equations, specialy in electrical and mechanical
phenomena analysis.

ACKNOWLEDGMENT

| am thankful to S. Ray (Department of Mathematics,
Visva-Bharati University, India), A. Garai (Department of
Mathematics, Memari  College, India) and the
mathematicians whose work [Refer to Reference] has
motivated and guided me.

DECLARATION
There is no involvement of financial support and the
work has no conflict of interest.

REFERENCES

1. Ash J. Marshall , “Generalizations of the Riemann derivative”
, Trans. American Math. Soc. , 126, 1967, pp. 181 - 199. [CrossRef

2. Ash J. Marshall, Catoiu Stefan and Chin William, ”The classification
of complex generalized Riemann derivatives” ,Journal of
Mathematical Analysis and Applications, 502(2), 2021. [CrossRef

3. Belna C. L. , Evans M. J. and Humke P. D. , ”Symmetric and
ordinary differentiation” , Proc. American Math. Soc. , 72, 1978, pp.
261 - 267. [CrossRef

4. Bertle R. G. and Sherbert D.R. , ”Introduction to real analysis”
, John Wiley Sons. , Inc. , New York, 1992.

5. Bruckner A.M. , "Differentiation of Real functions” , Lecture Notes
in Mathematics, Springer - Verlag, New Y ork, 1978. [ CrossRef

6. Bullen P.S. and Mukhopadhyay S.N., “Relations between some
general nth order derivatives” , Fund. Math. , 85, 1974, pp. 257 -
276. [CrossRef

7. Butzer P. L. and Kozakiewicz W. , ”’On the Riemann derivatives for
integrable functions” , Canad. J. Math., 6, 1954, pp. 572 - 581.

[CrossRef

Retrieval Number: 100.1/ijam.B1114101221
DOI:_10.54105/ijam.B1114.101221
Journal Website: www.ijam.latticescipub.com

Indian Journal of Advanced M athematics (IJAM)

I SSN: 2582-8932 (Online), Volume-1 I ssue-2, October 2021

10.

11

12.

13.

14.

15.

16.

51

Subhankar Ghosh, ”SOME STUDIES ON HIGHER ORDER
GENERALIZED DERIVATIVES, SYMMETRIC DERIVATIVES,
DIVIDED DIFFERENCES AND THEIR INTERRELATIONS”
, Ph. D. Thesis, Visva-Bharati University, 2017, pp. 27 - 39.

Russel A. Gordon, ”The Integrals of Lebesgue Denjoy, Perron, and
Henstock” , Graduate Sudies in Mathematics, Volume 4, American
Mathematical Society , 1994, pp. 121 - 136. [CrossRef

Kundu N.K. , ”On some conditions of symmetric derivatives
implying monotonicity of functions” , Rev. Roumaine Math. Pures
Appl. , 15, 1970, pp. 561 - 568.

Kundu N.K. , ”On some properties of symmetric derivatives” , Ann.
Polon Math. , 30, 1974, pp. 9 - 18. [CrossRef

Mukhopadhyay S. N. , "Higher Order Derivatives” , Chapman and
Hall/CRC, Research monograph No 144, 2012. [CrossRef]
Radulescu Sorin, Alexandrescu Petrus and Alexandrescu Diana-
Olimpia, ”Generalized Riemann Derivative” , Electronic Journal of
Differential Equations, 74, 2013.

Radulescu Sorin, Alexandrescu Petrus and Alexandrescu Diana-
Olimpia, ”The role of Riemann generalized derivative in the study of
qualitative properties of functions” , Electronic Journal of
Differential Equations, 187, 2013.

Thomson B.S., ”Symmetric Properties of Real Functions” , Marcel
Dekker, Inc. , 1994.

Zygmund A. , ”Trigonometric Series, Vol I+II” , Cambridge
University Press, 2002. [CrossRef

AUTHOR’S PROFILE

S. Deb, obtained M.Sc. in Pure Mathematics from
University of Kalyani in 2014 and presently researching
in Visva - Bharati, India on Generalized derivatives
(Symmetric Riemann derivatives, Riemann-derivatives,
Laplace Riemann-derivatives), trying to define new
Generalized derivatives and new integrals using Borel
derivatives similar to Perron integral and Z, integral.

Published By:
Lattice Science Publication
© Copyright: All rights reserved.

........


http://doi.org/10.54105/ijam.B1114.101221
http://www.ijam.latticescipub.com/
https://doi.org/10.1090/S0002-9947-1967-0204583-1
https://doi.org/10.1016/j.jmaa.2021.125270
https://doi.org/10.1090/S0002-9939-1978-0507319-2
https://doi.org/10.1007/BFb0069821
https://doi.org/10.4064/fm-85-3-257-276
https://doi.org/10.4153/CJM-1954-062-5
https://doi.org/10.1090/gsm/004/08
https://doi.org/10.4064/ap-30-1-9-18
https://doi.org/10.1201/b11617
https://doi.org/10.1017/CBO9781316036587

